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SAMMENDRAG: 
Planlegging av nye og effektive transportveier øker etterspørselen etter å krysse bredere fjorder og høyere 
fjell. Dette fører til at broer må sette nye lengderekorder og at ny teknologi må utvikles. Dagens hengebroer 
begrenses av stabilitetsproblemer ved høye vindhastigheter, såkalt flutter. Denne masteroppgaven 
undersøker mulighetene for å øke stabilitetsgrensen til hengebroer ved å installere en passiv massedemper. 
Massedempere har tidligere vist seg å være meget effektive til å dempe dynamiske svingninger på grunn av 
vindlaster på både høyhus og broer.   
 
Arbeidet er utført som en teoretisk studie hvor det er utviklet en beregningsmetode som deretter er prøvd på 
to broeksempler, en fiktiv brokonstruksjon fra boka ”Theory of Bridge Dynamics” av Strømmen (2010) og 
Hardangerbroa, Norges lengste hengebro som åpner i løpet av 2013. 
 
Beregningen av kritisk vindhastighet er basert på en modal analyse. Kun de to modene som bidrar til flutter-
ustabiliteten er inkludert i beregningen. Dynamisk respons beregnes ved å øke middelvindhastigheten 
skrittvis helt til responsen øker mot uendelig. Beregningen inkluderer bevegelsesinduserte krefter, vind- og 
turbulenslaster og massedemperens effekt. Tilslutt er det utført en parameterstudie som inkluderer 
massedemperens masseforhold og egenfrekvens. 
 
En massedemper er egnet til å øke den aerodynamiske stabilitetsgrensen til hengebroer. Resultatene viser 
at en massedemper øker kritisk vindhastighet betydelig for den fiktive broa. Kritisk vindhastighet øker også 
for Hardangerbroa, men i mindre grad. Parameterstudien viser at optimal verdi for egenfrekvensen er viktig 
for effektiv utnyttelse av massedemperen. Det er knyttet usikkerhet til beregninger av responsfrekvenser ved 
kritisk vindhastighet. Et lite avvik mellom beregnet og virkelig verdi kan redusere effekten av massedemperen 
betydelig. For at massedemperen skal bli mer robust mot avvik i responsfrekvensen er det foreslått å benytte 
flere mindre massedempere med ulike egenfrekvenser. 
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Sju vindar 
 
 
Sju vindar, sju vindar 
sulla og song. 
Sju vindar, sju vindar 
fann himmelen trong. 
 
Sju vindar, sju vindar 
møttest i kast. 
Då vart det runddans, 
då rauk det kvast! 
 
Sju vindar, sju vindar 
skilde lag. 
Og alle vindar 
sov i dag. 
 
 
 
"#$%!&'!&$()*!+,-./0!
!
! !
!!
!
!! 12221!
!
Forord 
3*44*!5$67*89::)$%*4!*8!;*7!$%6#(77*4;*!$8<*=;*7!=!5=4!6=%=#=4)*4=>8(7;$44=4)!
:?!67(;=*:89)8$55*7!@A))1!9)!5=#B>7*C4=CC!%*;!D98)*6!7*C4=6C1
4$7(8%=7*46C$:#=)*!(4=%*86=7*7!+DEDF0!=!E894;G*=5'!"::)$%*4!*8!6C8*%*7!%*;!
2467=7(77!H98!C94678(C6B9467*C4=CC!=!6$5$8<*=;!5*;!I*);=8*C798$7*7'!
&9%*;%*=#*;*8!G$8!%J87!:89H*6698!K=4$8!L78>55*4!%*;!DEDF!9)!C947$C7:*8694!=!
I*);=8*C798$7*7!G$8!%J87!;8'=4)'!@B>84!26$C6*4'!!
!
"::)$%*4!95G$4;#*8!$*89;A4$5=6C!67$<=#=7*7!H98!G*4)*<89*8!9)!G%98;$4!*4!
5$66*;*5:*8!C$4!<=;8$!7=#!?!>C*!C8=7=6C!%=4;G$67=)G*7!H98!H#(77*8'!
"::)$%*H985(#*8=4)*4!)$!H8=G*7!7=#!?!%*C7#*))*!(#=C*!:89<#*567=##=4)*8!=44*4H98!
:(4C7*4*!)=77!=!9::)$%*7*C67*4'!2!7=##*))!7=#!?!67(;*8*!8*#*%$47!7*98=!+:(4C7!,!9)!M0!
G$8!B*)!%$#)7!?!%*C7#*))*!=5:#*5*47*8=4)!$%!5$66*;*5:*8*4!=!<*8*)4=4)*4!$%!
C8=7=6C!%=4;G$67=)G*7!9)!;*8*77*8!<*67*55*!5$66*;*5:*8*46!9:7=5$#*!
*)*46C$:*8!+:(4C7!N!9)!.0'!"%*86#$)6;=5*46B94*8=4)!9)!<*8*)4=4)!$%!
*)*4H8*C%*46*8!+:(4C7!O0!*8!=CC*!%*C7#$)7'!3*7!*8!;*8H98!$47$77!$7!;*!4>;%*4;=)*!
5*C$4=6C*!*)*46C$:*4*!7=#!<89C94678(C6B94*4!*8!CB*47'!
!
P*)!%=#!7$CC*!5=4!G9%*;%*=#*;*8Q!:89H*6698!K=4$8!L78>55*4Q!H98!597=%*8*4;*!
%*=#*;4=4)!9)!)9;!GB*#:!)B*4495!G*#*!6*5*67*8*7'!&$46!(7)$4)6:(4C7Q!95!$7!
67(;*47*4*!H>867!9)!H8*567!6C$#!#J8*!5*67!5(#=)!)B*4495!$8<*=;*7!5*;!
5$67*89::)$%*4Q!G$8!B*)!6$77!6798!:8=6!:?'!3=)8*6B94*4*!9)!G=6798=*4*!G$8!9)6?!
=46:=8*87!5*)'!
!
E=#6#(77!%=#!B*)!)=!*4!7$CC!7=#!R$89#=4*Q!H98;=!;(!*8!;*4!;(!*8'!
!
!
E894;G*=5Q!,S'!B(4=!MS,O!
!
!
T$)4*!U=#<*8)! !
!!
! !
!! 1I1!
!
Sammendrag 
V#$4#*))=4)!$%!4A*!9)!*HH*C7=%*!78$46:987%*=*8!>C*8!*77*86:>86*#*4!*77*8!?!C8A66*!
<8*;*8*!HB98;*8!9)!G>A*8*!HB*##'!3*77*!H>8*8!7=#!$7!<89*8!5?!6*77*!4A*!
#*4);*8*C98;*8!9)!$7!4A!7*C49#9)=!5?!(7%=C#*6'!3$)*46!G*4)*<89*8!<*)8*46*6!$%!
67$<=#=7*76:89<#*5*8!%*;!G>A*!%=4;G$67=)G*7*8Q!6?C$#7!H#(77*8'!3*44*!
5$67*89::)$%*4!(4;*86>C*8!5(#=)G*7*4*!H98!?!>C*!67$<=#=7*76)8*46*4!7=#!
G*4)*<89*8!%*;!?!=467$##*8*!*4!:$66=%!5$66*;*5:*8'!T$66*;*5:*8*!G$8!7=;#=)*8*!
%=67!6*)!?!%J8*!5*)*7!*HH*C7=%*!7=#!?!;*5:*!;A4$5=6C*!6%=4)4=4)*8!:?!)8(44!$%!
%=4;#$67*8!:?!<?;*!G>AG(6!9)!<89*8'!!!
!
W8<*=;*7!*8!(7H>87!695!*4!7*98*7=6C!67(;=*!G%98!;*7!*8!(7%=C#*7!*4!
<*8*)4=4)65*79;*!695!;*8*77*8!*8!:8>%;!:?!79!<89*C6*5:#*8Q!*4!H=C7=%!
<89C94678(C6B94!H8$!<9C$!XEG*98A!9H!@8=;)*!3A4$5=Y6X!$%!L78>55*4!+MS,S0!9)!
&$8;$4)*8<89$Q!D98)*6!#*4)67*!G*4)*<89!695!?:4*8!=!#>:*7!$%!MS,O'!
!
@*8*)4=4)*4!$%!C8=7=6C!%=4;G$67=)G*7!*8!<$6*87!:?!*4!59;$#!$4$#A6*'!R(4!;*!79!
59;*4*!695!<=;8$8!7=#!H#(77*81(67$<=#=7*7*4!*8!=4C#(;*87!=!<*8*)4=4)*4'!3A4$5=6C!
8*6:946!<*8*)4*6!%*;!?!>C*!5=;;*#%=4;G$67=)G*7*4!6C8=77%=6!G*#7!7=#!8*6:946*4!
>C*8!597!(*4;*#=)'!@*8*)4=4)*4!=4C#(;*8*8!<*%*)*#6*6=4;(6*87*!C8*H7*8Q!%=4;1!9)!
7(8<(#*46#$67*8!9)!5$66*;*5:*8*46!*HH*C7'!E=#6#(77!*8!;*7!(7H>87!*4!
:$8$5*7*867(;=*!695!=4C#(;*8*8!5$66*;*5:*8*46!5$66*H98G9#;!9)!
*)*4H8*C%*46'!
!
K4!5$66*;*5:*8!*8!*)4*7!7=#!?!>C*!;*4!$*89;A4$5=6C*!67$<=#=7*76)8*46*4!7=#!
G*4)*<89*8'!Z*6(#7$7*4*!%=6*8!$7!*4!5$66*;*5:*8!>C*8!C8=7=6C!%=4;G$67=)G*7!
<*7A;*#=)!H98!;*4!H=C7=%*!<89$'!R8=7=6C!%=4;G$67=)G*7!>C*8!9)6?!H98!&$8;$4)*8<89$Q!
5*4!=!5=4;8*!)8$;'!V$8$5*7*867(;=*4!%=6*8!$7!9:7=5$#!%*8;=!H98!*)*4H8*C%*46*4!
*8!%=C7=)!H98!*HH*C7=%!(74A77*#6*!$%!5$66*;*5:*8*4'!3*7!*8!C4A77*7!(6=CC*8G*7!7=#!
<*8*)4=4)*8!$%!8*6:946H8*C%*46*8!%*;!C8=7=6C!%=4;G$67=)G*7'!K7!#=7*!$%%=C!5*##95!
<*8*)4*7!9)!%=8C*#=)!%*8;=!C$4!8*;(6*8*!*HH*C7*4!$%!5$66*;*5:*8*4!<*7A;*#=)'!
[98!$7!5$66*;*5:*8*4!6C$#!<#=!5*8!89<(67!597!$%%=C!=!8*6:946H8*C%*46*4!*8!;*7!
H98*6#?77!?!<*4A77*!H#*8*!5=4;8*!5$66*;*5:*8*!5*;!(#=C*!*)*4H8*C%*46*8'!
!
!
! !
!!
! !
!! 1I221!
!
Abstract 
EG*!;*5$4;!H98!4*\!$4;!598*!*HH=Y=*47!78$46:987$7=94!89(7*6!=4Y8*$6*6!7G*!4**;!
H98!Y8966=4)!9H!\=;*8!H=98;6!$4;!G=)G*8!59(47$=46'!EG=6!8*6(#76!=4!<8=;)*6!G$%=4)!
79!6*7!4*\!8*Y98;6!9H!#*4)7G!$4;!4*\!7*YG49#9)A!79!<*!;*%*#9:*;'!EG*!#*4)7G!9H!
79;$A]6!6(6:*46=94!<8=;)*6!=6!#=5=7*;!<A!67$<=#=7A!:89<#*56!$7!G=)G!\=4;!%*#9Y=7AQ!
69!Y$##*;!H#(77*8'!EG=6!5$67*8!7G*6=6!=4%*67=)$7*6!7G*!:966=<=#=7=*6!79!=4Y8*$6*!7G*!
#=5=7!9H!$*89;A4$5=Y!67$<=#=7A!9H!6(6:*46=94!<8=;)*6Q!<A!=467$##=4)!$!7(4*;!5$66!
;$5:*8'!E(4*;!5$66!;$5:*86!G$%*!6G9\4!79!<*!G=)G#A!*HH=Y=*47!H98!;*Y8*$6=4)!
H#(Y7($7=946!;(*!79!\=4;!#9$;!94!G=)G18=6*!<(=#;=4)6!$4;!<8=;)*6'!
!
EG*!\98C!=6!:*8H985*;!$6!$!7G*98*7=Y$#!67(;A!\G*8*!$!Y$#Y(#$7=94!5*7G9;!=6!
;*%*#9:*;!$4;!7*67*;!94!7\9!*^$5:#*!<8=;)*6'!"4*!=6!$!H=Y7=%*!<8=;)*!
Y94678(Y7=94!H895!7G*!<99C!XEG*98A!9H!@8=;)*!3A4$5=Y6X!<A!L78>55*4!+MS,S0!
$4;!7G*!97G*8!<8=;)*!=6!7G*!&$8;$4)*8!@8=;)*Q!D98\$A]6!#94)*67!6(6:*46=94!
<8=;)*Q!\G=YG!=6!9:*4=4)!7G=6!A*$8'!
!
EG*!Y$#Y(#$7=94!9H!Y8=7=Y$#!\=4;!%*#9Y=7A!=6!<$6*;!94!$!59;$#!$4$#A6=6'!"4#A!7G*!
7\9!59;*6!7G$7!Y9478=<(7*!79!7G*!H#(77*8!=467$<=#=7A!$8*!=4Y#(;*;!=4!7G*!Y$#Y(#$7=94'!
3A4$5=Y!8*6:946*!=6!Y$#Y(#$7*;!=4!67$)*6!$6!7G*!5*$4!\=4;!%*#9Y=7A!=6!=4Y8*$6*;Q!
(47=#!7G*!8*6:946*!=4Y8*$6*6!79\$8;6!=4H=4=7A'!EG*!Y$#Y(#$7=94!=4Y#(;*6!597=941
=4;(Y*;!#9$;6Q!\=4;1!$4;!7(8<(#*4Y*!#9$;6!$4;!7G*!*HH*Y7!9H!7G*!7(4*;!5$66!
;$5:*8'![=4$##AQ!$!:$8$5*7*8!67(;A!=6!:*8H985*;'!EG=6!=4Y#(;*6!7G*!7(4*;!5$66!
;$5:*8]6!5$66!8$7=9!$4;!=76!4$7(8$#!H8*_(*4YA'!
!
W!7(4*;!5$66!;$5:*8!=6!6(=7$<#*!H98!=4Y8*$6=4)!7G*!#=5=7!9H!$*89;A4$5=Y!67$<=#=7A!
H98!6(6:*46=94!<8=;)*6'!EG*!8*6(#76!6G9\!7G$7!$!7(4*;!5$66!;$5:*8!6=)4=H=Y$47#A!
=4Y8*$6*6!7G*!Y8=7=Y$#!\=4;!%*#9Y=7A!H98!7G*!H=Y7=%*!<8=;)*'!EG*!Y8=7=Y$#!\=4;!
%*#9Y=7A!$#69!=4Y8*$6*6!H98!7G*!&$8;$4)*8!@8=;)*Q!<(7!79!$!#*66*8!*^7*47'!EG*!
:$8$5*7*8!67(;A!6G9\6!7G$7!7G*!9:7=5$#!%$#(*!H98!7G*!7(4*;!5$66!;$5:*8]6!
4$7(8$#!H8*_(*4YA!=6!=5:987$47!H98!$4!*HH=Y=*47!(7=#=`$7=94!9H!7G*!7(4*;!5$66!
;$5:*8'!EG*8*!=6!(4Y*87$=47A!$669Y=$7*;!\=7G!Y$#Y(#$7=946!9H!7G*!8*6:946*!
H8*_(*4YA!$7!Y8=7=Y$#!\=4;!%*#9Y=7A'!W!65$##!;*%=$7=94!<*7\**4!7G*!Y$#Y(#$7*;!$4;!
8*$#!%$#(*!Y$4!8*;(Y*!7G*!*HH*Y7!9H!7G*!7(4*;!5$66!;$5:*8!6=)4=H=Y$47#A'!E9!
=5:89%*!7G*!8*6=#=*4Y*!$)$=467!65$##!;*%=$7=946!=4!7G*!8*6:946*!H8*_(*4YAQ!=7!=6!
6())*67*;!79!(6*!6*%*8$#!65$##*8!7(4*;!5$66!;$5:*86!\=7G!;=HH*8*47!4$7(8$#!
H8*_(*4YA'!
!!
!
!
! !
!! 12a1!
!
Innhold 
!"#"#$%&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&%'''!
()**+,$#)-%&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&%.!
/012#)32%&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&%.''!
!4-5#+#%&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&%6'!
7)0+88+#%&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&%6'''!
(9*0"8+#%&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&%6.!
:! ',,8+$,4,-%&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&%:!
;! <#5,,8+--+,$+%2+"#4%&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&%=!
M',! U*4*8*##*!$47$)*#6*8!9)!;*H=4=6B94!$%!$C6*6A67*5*8!'''''''''''''''''''''''''''''''''''''''''''!b!
M'M! 3A4$5=6C!#=C*%*C7!9)!59;$#!$4$#A6*!'''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''!-!
M'O! T$66*;*5:*8*46!%=8C*5?7*!'''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''!,c!
>! .4,$8)12+#%&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&%;:!
O',! I=4;67$7=67=CC!'''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''!M,!
O'M! @(HH*7=4)!7*98=*4!''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''!Mb!
?! @9,)*41A%),)891+%B"#%)+#"$9,)*41A%12)04842+2%&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&%>C!
C! D+1582)2+#%"-%$41A51E",%&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&%CC!
.',! @89*4*!'''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''!..!
.'M! T$66*;*5:*8*46!*HH*C7!:?!$*89;A4$5=6C!67$<=#=7*7!''''''''''''''''''''''''''''''''''''''''!/S!
.'O! K)*4H8*C%*46*46!6*46=7=%=7*7!''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''!/c!
F! G",A851E",%"-%H4$+#+%)#0+4$%&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&%=:!
/',! R94C#(6B94!''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''!b,!
/'M! [986#$)!7=#!%=;*8*!$8<*=;!''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''!bM!
=! D+B+#),1+#%&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&%=>!
I! .+$8+--%&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&%=C!
W! &9%*;6C8=:7!T$7#$<!
@! T$7#$<H(4C6B94!W3dH(4C'5!
e! T$7#$<H(4C6B94!B$HdH(4C'5!
3! T$7#$<H(4C6B94!:G=dH(4C'5!
!
! !
!!
!
! !
!! 1a21!
!
Figurer 
[=)(8!,1,f!E986B946H#(77*8!695!H>87*!7=#!C9##$:6!$%!E$Y95$!D$889\6!@8=;)*!''''''''''''!O!
[=)(8!,1Mf!E%*8864=77!$%!<89<$4*4!7=#!&$8;$4)*8<89$'!K7!*C6*5:*#!:?!*7!
678>5#=4B*H985*7!C$66*7%*8864=77!5*;!)9;*!$*89;A4$5=6C*!*)*46C$:*8'!''''''!O!
[=)(8!M1,f![*495*4*8!695!*8!9::G$%!7=#!;A4$5=6C!8*6:946!H98!*4!6#$4C!
C94678(C6B94'!'''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''!b!
[=)(8!M1Mf!3*H=4=6B94!$%!$C6*8!H98!%=4;678>55*4!9)!C94678(C6B94'!'''''''''''''''''''''''''''''!c!
[=)(8!M1Of!R947=4(*8#=)!<B*#C*#=)4*4;*!6A67*5'!'''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''!-!
[=)(8!M1Nf![8=#$)7!#*)*5*!=!#=C*%*C7!*77*8!;gW#*5<*87g6!:8=46=::!H98!*7!
<B*#C**#*5*47'!''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''!,S!
[=)(8!M1.f!K4C*#!C94678(C6B94!+T,0!5*;!5$66*;*5:*8!+TM0'!'''''''''''''''''''''''''''''''''''''!,c!
[=)(8!M1/f![8*C%*4618*6:9461H(4C6B94*4!7=#!*4!*4C*#!C94678(C6B94!5*;!*4!
5$66*;*5:*8!'''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''!MS!
[=)(8!O1,f!T95*47$4!%=4;G$67=)G*7!9)!%=4;:89H=#!H98!5=;;*#%=4;G$67=)G*7!9)!
7(8<(#*46!''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''!M,!
[=)(8!O1Mf!E9!6$57=;=)*!5?#=4)*8!$%!(1C95:94*47*4!7=#!7(8<(#*46*4'!'''''''''''''''''''''!MO!
[=)(8!O1Of!e9%$8=$46!C9*HH=6=*47*4!695!H(4C6B94!$%!6*:$8$B94!'''''''''''''''''''''''''''''''''''!MN!
[=)(8!O1Nf!2##(678$6B94!$%!;*!C$8$C7*8=67=6C*!#*4);*4*!''''''''''''''''''''''''''''''''''''''''''''''''''''!MN!
[=)(8!O1.f![986CA%4=4)*8!9)!678>54=4)!8(4;7!7%*8864=77*7'!''''''''''''''''''''''''''''''''''''''''''!Mc!
[=)(8!N1,f!h%*867*!H=)(8!%=6*8!%*87=C$#!H8=G*76)8$;Q!8`'!D*;*867*!H=)(8!%=6*8!
H8=G*76)8$;*8!H98!897$6B94Q!8i!Q!9)!5$66*;*5:*8Q!8;Q!6$57!8*#$7=%!H8=G*76)8$;!
H98!5$66*;*5:*8*4Q!j8;'!'''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''!O/!
[=)(8!N1Mf!k78*!9)!=4;8*!C8*H7*8!H98!%*87=C$#!*)*46%=4)*H985!H8$!;gW#*5<*87g6!
:8=46=::!''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''!Ob!
[=)(8!N1Of!T$66*C8*H7*8!695!%=8C*8!:?!ET3!9)!C8*H7*8!5*##95!ET3!9)!<89<$4*!
H8$!;gW#*5<*87g6!:8=46=::!''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''!Ob!
[=)(8!N1Nf!R8*H7*8!5*##95!5$66*;*5:*8*4!9)!<89<$4*4!''''''''''''''''''''''''''''''''''''''''''''''!Oc!
[=)(8!.1,f!K)*46%=4)*H985*8!H98!H=C7=%!<89!'''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''!./!
[=)(8!.1Mf!K)*46%=4)*H985*8!H98!&$8;$4)*8<89$!''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''!./!
[=)(8!.1Of!W(7916:*C78$#7*77G*7!H98!7(8<(#*46C95:94*47!\!''''''''''''''''''''''''''''''''''''''''!.b!
[=)(8!.1Nf!e916:*C78(5!H98!7(8<(#*46C95:94*47!\!''''''''''''''''''''''''''''''''''''''''''''''''''''''''!.b!
!!
[=)(8!.1.f!W*89;A4$5=6C!;*8=%*87*!H98!&$8;$4)*8<89$!9)!;*4!H=C7=%*!<89$!'''''''''!.c!
[=)(8!.1/f!L7$4;$8;$%%=C!$%!;A4$5=6C!8*6:946!+%*87=C$#!H986CA%4=4)!9)!897$6B940!
H98!5=;7:(4C7*7!7=#!H=C7=%!<89'!''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''!.-!
[=)(8!.1bf!L7$4;$8;$%%=C!$%!;A4$5=6C!8*6:946!+%*87=C$#!H986CA%4=4)!9)!897$6B940!
H98!5=;7:(4C7*7!7=#!&$8;$4)*8<89$'!'''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''!.-!
[=)(8!.1cf!L7$4;$8;$%%=C!$%!;A4$5=6C!8*6:946!+897$6B940!H98!5=;7:(4C7!:?!H=C7=%!
<89!5*;!5$66*;*5:*8'!'''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''!/,!
[=)(8!.1-f![8*C%*4618*6:9461H(4C6B94!H98!897$6B946H8=G*76)8$;*4'![=C7=%!<89!(7*4!
5$66*;*5:*8!'''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''!/M!
[=)(8!.1,Sf![8*C%*4618*6:9461H(4C6B94!H98!897$6B946H8=G*76)8$;'![=C7=%!<89!5*;!
5$66*;*5:*8!'''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''!/M!
[=)(8!.1,,f![8*C%*4618*6:9461H(4C6B94!H98!897$6B946H8=G*76)8$;'![=C7=%!<89!5*;!
67>88*!5$66*;*5:*8!'''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''!/M!
[=)(8!.1,Mf!L7$4;$8;$%%=C*7!$%!;A4$5=6C!8*6:946!+897$6B940!H98!5=;7:(4C7!$%!
&$8;$4)*8<89$!5*;!*4!5$66*;*5:*8'!''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''!/O!
[=)(8!.1,Of!T$66*;*5:*8*46!:896*47%=6*!>C4=4)!$%!C8=7=6C!%=4;G$67=)G*7!%*;!
:$8$5*7*8%$8=$6B94!$%!l;!!9)!m!H98!H=C7=%!<89!''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''!/.!
[=)(8!.1,Nf!T$66*;*5:*8*46!:896*47%=6*!>C4=4)!$%!C8=7=6C!%=4;G$67=)G*7!%*;!
:$8$5*7*8%$8=$6B94!$%!l;!9)!m!H98!&$8;$4)*8<89$'!''''''''''''''''''''''''''''''''''''''''''''''''!/.!
[=)(8!.1,.f!KHH*C7=%=7*7*4!$%!5$66*;*5:*8!:?!H=C7=%!<89!5*;!*)*4H8*C%*46Q!l;!
n,'..!8$;o6Q!H98!(#=C*!%*8;=*8!$%!m!''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''!/b!
[=)(8!.1,/f!KHH*C7=%=7*7*4!$%!5$66*;*5:*8!:?!&$8;$4)*8<89$!5*;!*)*4H8*C%*46Q!
l;!n,',!8$;o6Q!H98!(#=C*!%*8;=*8!$%!m!'''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''!/b!
[=)(8!.1,bf!K)*4H8*C%*46*4*6!*4;8=4)!%*;!>C*4;*!5=;;*#%=4;G$67=)G*7!:?!)8(44!
$%!<*%*)*#6*6=4;(6*87*!C8*H7*8!''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''!/-!
!
! !
!! 1a2221!
!
Tabeller 
E$<*##!.1,f!R94678(C6B946*)*46C$:*8!H98!H=C7=%!<89!'''''''''''''''''''''''''''''''''''''''''''''''''''''''''!..!
E$<*##!.1Mf!R94678(C6B946*)*46C$:*8!H98!&$8;$4)*8<89$!''''''''''''''''''''''''''''''''''''''''''''!..!
E$<*##!.1Of!p$67C*HH=6=*47*8!9)!7(8<(#*46:$8$5*78*!H98!H=C7=%!<89!'''''''''''''''''''''''''''''!.b!
E$<*##!.1Nf!p$67C9*H=6=*47*8!9)!7(8<(#*46:$8$5*78*!H98!&$8;$4)*8<89$!'''''''''''''''!.b!
E$<*##!.1.f!"::6(55*8=4)!$%!9:7=5$#*!:$8$5*7*8*!H98!5$66*;*5:*8*46!
:?%=8C4=4)!:?!C8=7=6C!5=;;*#%=4;G$67=)G*7'!''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''!//!
!
! !
!!
! !
!! 1aI1!
!
Symboler 
!"#$%&'$()*(+',#)$'$-(
T$78=6*8!*8!)*4*8*#7!6C8*%*7!=!H*7*!<#9CC<9C67$%*8Q!H'*C6'!K !98!! '!
I*C798*8!*8!)*4*8*#7!6C8*%*7!=!H*7*!65?!<9C67$%*8Q!H'*C6'!q !98!! '!
[ ]diag ! !$4)=8!*4!;=$)94$#!5$78=6*'!
( )det ! !$4)=8!;*7*85=4$47*4!$%!5$78=6*4'!
!
!
.//012'3'(#'*4()*(#'*4()+'$(&256)7'$-(
"::G>A*7!7*)4!7!$4)=8!;*4!78$46:94*87*!$%!*4!%*C798!*##*8!5$78=6*'!
"::G>A*7!7*)4!q!$4)=8!;*4!C95:#*C61C94B()*87*!$%!*4!%*C798!*##*8!5$78=6*'!
V8=CC*8!9%*8!6A5<9#*7!+H'!*C6'! !r Q! !!r 0!$4)=8!7=;6;*8=%*87Q!;%6'! /d dt Q!
2 2
/d dt '!
W:96789H!%*;!6A5<9#*7!+H'!*C6'
L
C! !98!!" 0!$4)=8!;*8=%*87!5G:!8*#*%$47!%$8=$<*#Q!!
H'!*C6'! d dx! !" = '!E9!$:96789H*8!*8!$4;8*;*8=%*87!+H'!*C6'! 2 2d dx! !"" = 0!96%'!
L78*C!+!!!0!9%*8!*4!%$8=$<*#!+H'!*C6'! r 0!$4)=8!7=;6($%G*4)=)!)B*449564=776%*8;='!
E=#;*!+!"!0!9%*8!*7!6A5<9#!+H'!*C6'!
 
!M
n
0!$4)=8!*4!59;$#!67>88*#6*'!
&$77!+!#!0!9%*8!*7!6A5<9#!+H'!*C6'! Hˆ! 0!$4)=8!*4!4985$#=6*87!67>88*#6*'!
!
!
8)$,)$#'7&'$-(
ee!9)!Le!*8!H98C987*#6*8!H98!7%*8864=7766*47*8!+5$66*6*47*80!9)!6CBJ86*47*8'!
tot !*8!H98C987*#6*!H98!797$#'!
)+!!*8!H98C987*#6*!H98!$*89;A4$5=6C'!
#+8!*8!H98C987*#6*!H98!8*#$7=%'!
3#!*8!H98C987*#6*!H98!C8=7=6C'!
!
!
9"#%4&,'(6),&#"+'$-(
A ! E%*8864=776$8*$#!
* *
1 6
A A! ! W*89;A4$5=6C!;*8=%*87*!7=#C4A77*7!7986B946<*%*)*#6*'!
a ! [9(8=*8C9*HH=6=*47Q!$5:#=7(;*'!
ja ! I*C798!$%!H9(8=*8C9*HH=6=*47!7=#G>8*4;*!%$8=$<*#! j !
B ! E%*8864=776<8*;;*!
 
B
q
! @(HH*7=4)1#$67!C9*HH=6=*47!5$78=6*!
c ! e916:*C78(5C9*HH=6=*47!Q!;*5:4=4)6C9*HH=6=*47!H98!7%*8864=77!
!!
C Q!C ! 3*5:4=4)6:$8$5*7*8Q!5$78=6*!5*;!;*5:4=4)6:$8$5*78*!
ae
C Q!
ae
C ! W*89;A4$5=6C!;*5:4=4)Q!$*89;A4$5=6C!;*5:4=4)65$78=6*!
C
D
,C
L
,C
M
p$67C9*HH=6=*47*8!H98!;8$)1Q!#>H71!9)!595*47#$67*8'!
,Co Co ! e916:*C78$#7*77G*7Q!Y916:*C78$#7*77G*765$78=6*!
jCov ! e9%$8=$46!5$78=6*!7=#G>8*4;*!%$8=$<*#! j !
 d !! 24;*C6!695!$4)=8!7=#C4A74=4)!7=#!5$66*;*5:*8!
E ! K#$67=6=7*7659;(#!
 F !! V(4C7#$67!
G ! LCBJ859;(#!
* *
1 6
H H! ! W*89;A4$5=6C!;*8=%*87*!7=#C4A77*7!%*87=C$#!<*%*)*#6*!
n
H Q!
r
H ! [8*C%*4618*6:9461H(C6B94Q!H8*C%*4618*6:9465$78=6*!
 
I
t
! L7!I*4$47!7986B946C9467$47!
jI ! E(8<(#*46=47*46=7*7!H98!C95:94*47! j = u, v eller  w !
yI Q! zI ! W4;8*!$8*$#595*47!H98!<>A4=4)!95!9!9)!J!$C6*4!
I ! 2;*47=7*765$78=6*4!
i ! 25$)=4J87!7$##!+H'!*C6'! 1i = ! 0Q!=4;*C6%$8=$<*#!H98!59;*8%
 J
2 ! P9=47!$YY*:7$4Y*!H(4Y7=94!
j ! 24;*C6%$8=$<*#!H98!59;*8!
K Q!K ! L7=%G*7Q!67=%G*765$78=6*!
ae
K Q!
ae
K ! W*89;A4$5=6C!67=%G*7Q!$*89;A4$5=6C!67=%G*765$78=6*!
L ! p*4);*!$%!<896:*44!!
 
s
L
n
% R$8$C7*8=67=6C*!#*4);*8!+1%n!KB%L%9B%L%*##*8!JB%L!,%n!5L%H!*##*8!M0!
 
M
m
, M
x
! @>A*595*47!95!)=77!$C6*!+*%n%9L%JNQ!7986B946595*47!
m Q!M ! [98;*#7!5$66*Q!5$66*5$78=6*!
 
!m
n
% P*%47!H98;*#7!*C%=%$#*47!59;$#!5$66*!
 
!M
j
!! T9;$#!5$66*!7=#G>8*4;*!59;*!
 
j = z,! ,d !!
N ! E*##*4(55*8!
,x yN N ! D985$#C8*H7*8!+7%*8864=776C8*H7*80!
* *
1 6
P P! % W*89;A4$5=6C!;*8=%*87*!7=#C4A77*7!G98=6947$#!<*%*)*#6*!
q Q!q ! [98;*#7!#$67Q!H98;*#7!#$67%*C798!!
R Q!R ! KC67*84*!#$67*8!:?!6A67*54=%?Q!*C67*84!#$67%*C798!
 
!R, !R ! T9;$#*!#$67*8Q!T9;$#!#$67%*C798!
r Q!r ! E%*8864=776H986CA%4=4)!*##*8!1897$6B94Q!H986CA%4=4)6%*C798!
S Q!S ! W(791!*##*8!Y89661!6:*C78$#7*77G*7Q!Y896616:*C78$#7*77G*765$78=6*!
,t T ! E=;6%$8=$<*#Q!#*4);*!$%!7=;6%=4;(!
u ! E(8<(#*46C95:94*47!=!8*74=4)!$%!5=;;*#%=4;Q!KB%
V ! T=;;*#%=4;G$67=)G*7!
,y zV V ! LCBJ8C8*H7*8!+7%*8864=776C8*H7*80!
v ! E(8<(#*46C95:94*47!G98=6947$#7!9)!4985$#7!:?!5=;;*#%=4;Q!9B%
w ! E(8<(#*46C95:94*47!%*87=C$#!8*74=4)Q!JB%
 !w !! I=#C?8#=)!%*C7=4)6H(4C6B94!
 
x
f
, y
f
,z
f
! R$87*6=6C*!C998;=4$7*8!H98!%=4;H*#7*7!
!! 1aI221!
, ,x y z ! R$87*6=6C*! C998;=4$7*8! H98! 7%*8864=77! +98=)9! *8! =! 6CBJ86*47*8*7Q! K! *8!
#*4);*8*74=4)*4!7=#!C94678(C6B94*4!9)!J!*8!%*87=C$#0!
 z !! 24;*C6!695!$4)=8!%*87=C$#!59;*!*##*8!7=#C4A74=4)!7=#!%*87=C$#!59;*!
(
(
:$'&,'(6),&#"+'$-(
! !! W4)8*:6%=4C*#!H98!#(H7678>5!
! ! I=4C*#!H98!#(H7678>5!
! !98!! ! L78(C7(8*#7!;*5:4=4)6H98G9#;!98!;*5:4=4)6H98G9#;65$78=6*!
 
!
ae
!! W*89;A4$5=6C!;*5:4=4)6<=;8$)!=!8*6:9461H8*C%*4615$78=6*4!
! Q!! ! T9;$#*!H8=G*76)8$;*8Q!59;$#!H8=G*76)8$;%*C798!
! ! 24;*C6!695!$4)=8!7986B946<*%*)*#6*!*##*8!7=#C4A74=4)!7=#!7986B94'!!
 
!
ae
! W*89;A4$5=6C!67=%G*76<=;8$)!=!8*6:9461H8*C%*4615$78=6*4!
µ ! T$66*H98G9#;!H98!5$66*;*5:*8!
µ !! T$66*;*5:*8*46!<=;8$)!=!8*6:9461H8*C%*4615$78=6*4!
! ! E*77G*7!7=#!#(H7!!
2
,! ! ! L7$4;$8;$%%=CQ!%$8=$46!
x
! Q!! ! D985$#6:*44=4)Q!LCBJ86:*44=4)!
 
!
y
,!
z
,!
"
! R947=4(*8#=)!*)*46%=4)*H985!H98! y Q! z !9)!! !
 
!
i
! T9;*%*C798!
! ! T$78=6*!695!=44*G9#;*8!$##*!59;*%*C798*4*!
 
!
i
!
! ! E8$46H985$6B9465$78=6*!H98!8*#$7=%*!H8=G*76)8$;*8!
! ! I=4C*#H8*C%*46!+8$;o60!
 
!
i
! K)*4H8*C%*46!7=#G>8*4;*!59;*!4(55*8!4%
 
!
i
V( ) ! K)*4H8*C%*46!7=#G'!59;*!4(55*8!4%%*;!5=;;*#%=4;G$67=)G*7!V !
!
!
;256)7'$(5'3(6<3'(7"#%&,'()*(*$'&,'(6),&#"+'$-(
s! ! Z95#=)!6*:$8$6B94!+1!n!KBQ!9B!*##*8!JB0!
 ! r !! I=#C?8#=)!%=87(*##!H986CA%4=4)!
!
! !
!!
!
!! 1,1!
!
1 Innledning 
!!
!
L$5H(44*7!*77*86:>8!67$;=)!H#*8*!9)!5*8!*HH*C7=%*!78$46:9875(#=)G*7*8'![B*##!9)!
HB98;*8!*8!<$88=*8*8!695!(7H98;8*8!7*C49#9)=*4!9)!6C$:*8!4A*!5?#!695!5?!
9%*8%=44*6'!"%*8!HB98;*8Q!G%98!;*7!H>8!%$8!(7*4C*#=)!?!<A))*!<89Q!(78*;*6!4?!
5(#=)G*7*4*!H98!?!C94678(*8*!4A*!HB98;C8A64=4)*8'!2!D98)*!:?)?8!H98!7=;*4!
$8<*=;*7!5*;!?!:#$4#*))*!*4!H*8)*H8=!G9%*;%*=!#$4)6!CA67*4!H8$!R8=67=$46$4;!7=#!
E894;G*=5!+L7$7*46!%*)%*6*4!MS,O<0'!V896B*C7*7!95H$77*8!H#*8*!<89*8!5*;!6:*44!
:?!9::!7=#!ObSS!5'!K4!$%!G9%*;(7H98;8=4)*4*!5*;!?!<A))*!G*4)*<89*8!5*;!6?!
#$4)*!6:*44!*8!$*89;A4$5=6C!67$<=#=7*7'!!
!
K4!C94678(C6B94!5=67*8!6=4!67$<=#=7*7!4?8!8*6:946*4!>C*8!(<*)8*46*7!6*#%!%*;!*4!
#=7*4!>C4=4)!$%!<*#$674=4)*4'!L>A#*C4*CC=4)!*8!*7!CB*47!*C6*5:*#!:?!*7!
67$<=#=7*76:89<#*5!H8$!67$7=CC*4'![98!<89*8!(76$77!H98!%=4;<*#$674=4)!%=#!*4!#=7*4!
>C4=4)!$%!%=4;G$67=)G*7*4!C(44*!)=!*4!6798!>C4=4)!$%!67$7=6C!*##*8!;A4$5=6C!
8*6:946'!3*7!*8!;*!<*%*)*#6*6=4;(6*87*!C8*H7*4*Q!9)6?!C$#7!$*89;A4$5=6C*!
C8*H7*8Q!695!H98?86$C*8!67$<=#=7*76:89<#*5*4*'!K4!<*%*)*#6*!r!H986CA%4=4)!*##*8!
897$6B94!r!$%!<89<$4*4!%=#!H>8*!7=#!$7!7%*8864=77*7!:?%=8C*6!$%!*4;8*;*!%=4;#$67*8'!
3*7!*8!*4;8=4)*4!$%!%=4;#$67*4*!695!*8!;*!<*%*)*#6*6=4;(6*87*!C8*H7*4*'!3*!C$4!
<?;*!>C*!9)!8*;(6*8*!;*4!797$#*!#$67*4!:?!<89<$4*4'!hC*6!#$67*4!C$4!;*7!)=!*4;$!
67>88*!H986CA%4=4)!*##*8!897$6B94!9)!*4!(67$<=#=7*7!C$4!9::67?'!3*7!*8!%$4#=)!?!
<*6C8=%*!;*77*!%*;!$7!;*4!*HH*C7=%*!67=%G*7*4!7=#!6A67*5*7!8*;(6*8*6'!E=#6%$8*4;*!
C$4!H98*C955*!H98!;*5:4=4)6C8*H7*4*!695!*8!:89:986B94$#*!5*;!G$67=)G*7*4!7=#!
H986CA%4=4)!9)!897$6B94!$%!<89<$4*4'!@*%*)*#6*4!7=#!<89<$4*4!C$4!;$!H>8*!7=#!$7!
;*4!*HH*C7=%*!;*5:4=4)*4!7=#!6A67*5*7!8*;(6*8*6!695!9)6?!*8!9::G$%!7=#!
(67$<=#=7*7'!
!
!
!
!
!!1M1!
L7$<=#=7*76H*495*4*7!C$4!;*#*6!=44!=!H=8*!H986CB*##=)*!7A:*8!*77*8!G%98;$4!
8*6:946*4!(7%=C#*8!6*)!+L78>55*4!MS,S0f!
1 L7$7=6C!;=%*8)*46!*8!*7!67$7=6C!67$<=#=7*76:89<#*5!9)!9::67?8!%*;!
8*;(C6B94!$%!7986B94667=%G*7*4!7=#!7%*8864=77*7'!I=4;*4!H?8!<*;8*!7$C!%*;!
>C*4;*!897$6B94Q!6#=C!$7!%8=;4=4)6595*47*7!7=#6#(77!9%*86C8=;*8!
C$:$6=7*7*4'!
1 U$##9:=4)!*8!*7!;A4$5=6C!67$<=#=7*76:89<#*5!H98!%*87=C$#*!6%=4)4=4)*8'!3*7!
9::67?8!%*;!$7!6A67*5*76!;*5:4=4)!=!%*87=C$#!8*74=4)!8*;(6*8*6!:?!)8(44!
$%!<*%*)*#6*6=4;(6*87*!C8*H7*8'!I*;!C8=7=6C!%=4;G$67=)G*7!%=#!;*5:4=4)*4!
%J8*!#=C!4(##!9)!8*6:946*4!%=#!>C*!;8$5$7=6C'!U$##9:=4)!*8!*7!:89<#*5!%*;!
=CC*1678>5#=4B*H985*;*!C94678(C6B94*8Q!H98!*C6*5:*#!<*794)<8(*8!*77*8!
H8=771H8$5<A))!:8=46=::*7'!
1 E986B946H#(77*8!*8!*7!7=#6%$8*4;*!67$<=#=7*76:89<#*5!695!)$##9:=4)Q!5*4!
;*7!=44*<J8*8!897$6B946<*%*)*#6*!=!67*;*7!H98!%*87=C$#!<*%*)*#6*'!!
1 [#(77*8!*8!*7!;A4$5=6C!67$<=#=7*76:89<#*5!G%98!<*%*)*#6*4!=!%*87=C$#!
8*74=4)!9)!897$6B94!C9<#*6!6$55*4!7=#!*4!H*##*6!<*%*)*#6*'!3*77*!6CB*8!
H98;=!;*!<*%*)*#6*6=4;(6*87*!C8*H7*4*!G$8!*4!7*4;*46!7=#!?!8*;(6*8*!
67=%G*7*4!7=#!7986B94659;*4*!9)!>C*!67=%G*7*4!7=#!;*!%*87=C$#*!59;*4*'!
3*77*!H>8*8!7=#!$7!*)*4H8*C%*46*4!7=#!7986B94659;*4*!8*;(6*8*6!9)!
*)*4H8*C%*46*4!7=#!;*!%*87=C$#*!59;*4*!>C*8Q!6#=C!$7!;*!4J85*8!6*)!
G%*8$4;8*'!E986B94659;*4!5*;!#$%*67!*)*4H8*C%*46!9)!%*87=C$#59;*4!
5*;!7=#4J85*7!#=C!*)*46%=4)*H985!*8!9H7*!5*67!(76$77!H98!?!H$##*!6$55*4!
7=#!*4!H*##*6!*)*4H8*C%*46'!&%=6!%=4;*4*8)=*4!695!9%*8H>8*6!7=#!6A67*5*7!=!
;*!79!59;*4*!*8!67>88*!*44!*4*8)=*4!695!)?8!(7!$%!6A67*5*7!:?!)8(44!$%!
;*5:4=4)Q!%=#!8*6:946*4!7=#6#(77!>C*!(<*)8*46*7'!&*8!%=#!<?;*!
$*89;A4$5=6C!67=%G*7!9)!;*5:4=4)!:?%=8C*!G%98!5A*!*4*8)=!695!7=#H>8*6!
9)!7$6!(7!$%!6A67*5*7'![98!G*4)*<89*8!%=#!9H7*!H#(77*8!%J8*!;*7!C8=7=6C*!
67$<=#=7*76H*495*4*7'!
!
K77*8!C9##$:6*4!$%!E$Y95$!D$889\!@8=;)*!:?!%*67CA67*4!=!FLW!=!,-NS!<#*!
$*89*#$67=6C*!H*495*4*8!%=C7=)*!H986C4=4)6958?;*8!9)!<*8*)4=4)65*79;*8!695!
<8(C*6!=!;$)!<#*!(7%=C#*7!=!7=?8*4*!695!H(#)7*!+LY$4#$4!,--S0'!W*89*#$67=6=7*7!*8!
<*6C8=%*#6*4!$%!G%98;$4!;*!*#$67=6C*!*)*46C$:*4*!+67A8C*!9)!67=%G*70!7=#!*4!
C94678(C6B94!*4;8*6!4?8!C94678(C6B94*4!<*%*)*8!6*)!=!*7!%=4;H*#7'!E$Y95$!
D$889\!@8=;)*!%$8!*4!%*#;=)!6#$4C!+65$#!9)!7A440!G*4)*<89!=!H98G9#;!7=#!;*!
G*4)*<89*4*!695!7=#!;$!%$8!C94678(*87!+sC*6694!MSSc0'!@89<$4*4!G$;;*!*4!
7%*8864=776H985!695!%$8!()(467=)!H98!;*!$*89;A4$5=6C*!C8*H7*4*'!3*77*!H>87*!
7=#6#(77!7=#!$7!<89*4!<8>7!6$55*4!:?!)8(44!$%!7986B946H#(77*8!=!H>867*!!
!! 1O1!
!
!4-5#%:O:P%7"#1E",1B8522+#%1"*%BQ#2+%248%A"88)R1%)H%7)3"*)%S)##"M1%T#4$-+%4%U(/%4%:V?W&%
XYA+11",%;WWIN%
!
!4-5#%:O;P%7H+##1,422%)H%0#"0),+,%248%Z)#$),-+#0#")&%[2%+A1+*R+8%R\%+2%12#Q*84,E+B"#*+2%
A)11+2H+##1,422%*+$%-"$+%)+#"$9,)*41A+%+-+,1A)R+#&%X(2)2+,1%H+-H+1+,%;W:>)N%
$47=6A55*78=6C*!*)*46%=4)*H985Q!%*;!*4!%=4;G$67=)G*7!:?!MS!5o6!+@=##$G!t!
LY$4#$4!,--,0'!L%=4)4=4)*4*!+897$6B94*4!7=#!7%*8864=77*70!%$8!;$!6?!6798*!$7!;*4!
*4*!C$47*4!$%!<8(<$4*4!%$8!c'.5!G>A*8*!*44!;*4!$4;8*!C$47*4!+sC*6694!MSSc0'!
!
L7$<=#=7*76H*495*4*4*!<*6C8*%*7!9%*8!C$4!(44)?6!%*;!$7!67$<=#=7*76)8*46*4!+;*4!
C8=7=6C*!%=4;G$67=)G*7*40!*8!G>A*8*!*44!;*4!5$C6=5$#*!%=4;G$67=)G*7*4!695!C$4!
H98%*47*6!:?!67*;*7'!I*;!?!*4;8*!:?!H986CB*##=)*!*)*46C$:*8!7=#!<89C94678(C6B94*4!
C$4!67$<=#=7*76)8*46*4!>C*6'![98!;*7!H>867*!C$4!;*!$*89;A4$5=6C*!*)*46C$:*4*!7=#!
7%*8864=77*7!*4;8*6!6#=C!$7!;*!<*%*)*#6*6=4;(6*87*!C8*H7*4*!<#=8!5=4;8*!*##*8!7=#!9)!
5*;!597%=8C*8!<*%*)*#6*4!9)!;*85*;!<#=8!67$<=#=6*8*4;*'!3*7!*8!;*44*!
7$4C*)$4)*4!695!G$8!H>87!7=#!(7%=C#=4)!$%!;*!678>5#=4B*H985*;*!
C$66*7%*8864=77*4*!695!*8!%$4#=)!H98!;$)*46!G*4)*<89*8!695!%=67!=![=)(8!,1M'!
R$66*7%*8864=77*4*!C$4!9)6?!:?5947*8*6!#*;*6C9%#*8!H98!?!*4;8*!#(H7678>55*4!
8(4;7!7%*8864=77*7!9)!;*85*;!H98<*;8*!;*!$*89;A4$5=6C*!*)*46C$:*4*!
A77*8#=)*8*'!K7!#(CC*7!7%*8864=77Q!695!C$66*7%*8864=77*7Q!*8!9)6?!H98;*#$C7=)!5*;!
7$4C*!:?!>C7!7986B94667=%G*7'!I*;!?!>C*!67=%G*7*4!7=#!<89<$4*4!C$4!
!!1N1!
67$<=#=7*76)8*46*4!>C*6'!F79%*8!?!>C*!67=%G*7*4!7=#!6*#%*!<89<$4*4!C$4!9)6?!
67=%G*7*4!7=#!*4!G*4)*<89!>C*6!%*;!?!H98$4;8*!C$<*#C94H=)(8$6B94*4'![#*8*!
<J8*C$<#*8!9)!G*4)*67*4)*8!=!6C8?!:#$4!C$4!>C*!67$<=#=7*76)8*46*4!<*78$C7*#=)!
+W67=`!,--c0'!3*4!78*;B*!*)*46C$:*4!695!C$4!:?%=8C*!67$<=#=7*76)8*46*4!*8!
;*5:4=4)6*)*46C$:*4*'!3*5:4=4)*4!7=#!6A67*5*7!C$4!>C*6!%*;!?!=467$##*8*!
$C7=%*!*##*8!:$66=%*!;*5:4=4)66A67*5*8'!!
!
K4!5$66*;*5:*8!*8!*7!*C6*5:*#!:?!*4!:$66=%!=448*74=4)!695!>C*8!;*4!*HH*C7=%*!
;*5:4=4)*4!=!6A67*5*7'!3*4!*8!:$66=%!H98;=!;*7!=CC*!*8!4>;%*4;=)!5*;!*4!
*C67*84!*4*8)=H986A4=4)!*##*8!67A8*5*C$4=65*'!3*77*!)B>8!$7!5$66*;*5:*8*4!
C8*%*8!#=7*!%*;#=C*G9#;!9)!*8!5*)*7!:?#=7*#=)'!T$66*;*5:*8*!*8!5A*!<8(C7!=!
6CA6C8$:*8*!9)!G>AG(6!9)!G$8!%=67!6*)!5*)*7!*HH*C7=%*!H98!?!;*5:*!6%=4)4=4)*8!
H98?86$C*7!$%!%=4;!9)!B98;6CB*#%!+e94498!MSSO0'![98!<89C94678(C6B94*8!G$8!
5$66*;*5:*8*!%J87!5A*!<8(C7!695!6=CC*8G*7!597!6798*!6%=4)4=4)*8!(4;*8!
C94678(C6B946H$6*4!G%98!67=%G*7*4!7=#!C94678(C6B94*4!*8!#$%*8*!+T=A$7$!MSSO0'!
T$66*;*5:*8*!*8!9)6?!<8(C7!695!%$8=)*!=467$##$6B94*8!:?!<89*8'!K7!CB*47!
*C6*5:*#!*8!)$4)<8($!T=##*4=(5!@8=;)*!=!p94;94!695!5?77*!67*4)*6!8*77!*77*8!
?:4=4)!=!?8!MSSS!:?!)8(44!$%!6798*!6=;*%*=6!6%=4)4=4)*8!H98?86$C*7!$%!H97)B*4)*8*'!
3*5:4=4)*4!7=#!<89C94678(C6B94*4!<#*!>C7!%*;!?!<#$47!$44*7!=467$##*8*!
5$66*;*5:*8*!+3$##$8;!*7!$#'!MSS,0'!3*7!*8!=CC*!H(44*7!*C6*5:#*8!:?!<8(C!$%!
5$66*;*5:*8*!H98!?!(44)?!67$<=#=7*76:89<#*5*8!H98!G*4)*<89*8Q!5*4!49*4!
7*98*7=6C*!67(;=*8!G$8!7=;#=)*8*!%J87!(7H>87!:?!958?;*7'!!
!
3*44*!9::)$%*4!95G$4;#*8!67$<=#=7*76:89<#*5*7!H#(77*8!H98!G*4)*<89*8Q!9)!
G%98;$4!;*4!C8=7=6C*!%=4;G$67=)G*7*4!C$4!>C*6!%*;!<8(C!$%!:$66=%*!
5$66*;*5:*8*'![#(77*8!9::67?8!%*;!$7!;*!<*%*)*#6*6=4;(6*87*!C8*H7*4*!
8*;(6*8*8!67=%G*7*4!9)!;*5:4=4)*4!7=#!6A67*5*7'!I*;!>C*4;*!%=4;G$67=)G*7!%=#!;*!
*4;8*;*!67=%G*76*)*46C$:*4*!H>8*!7=#!$7!;*4!%*87=C$#*!6%=4)4=4)*4!9)!
897$6B9466%=4)4=4)*4!7=#6#(77!H$##*8!6$55*4!7=#!*4!H*##*6!<*%*)*#6*'!L%=4)4=4)*4*!
%=#!>C*!(<*)8*46*7!4?8!;*!<*%*)*#6*6=4;(6*87*!C8*H7*4*!<#=8!6?!6798*!$7!;*4!
*HH*C7=%*!67=%G*7*4!*##*8!;*5:4=4)*4!7=#!6A67*5*7!<#=8!4(##'![986>C!G$8!%=67!
+L78>55*4!MS,S0!$7!;*7!9H7*!*8!;*!$*89;A4$5=6C*!C8*H7*4*!$6696=*87!5*;!
897$6B946<*%*)*#6*4!695!*8!;*!;8=%*4;*!C8*H7*4*!=!H#(77*8H*495*4*7'!3*7!*8!
;*8H98!)9;*!)8(44*8!7=#!?!789!$7!*4!5$66*;*5:*8!695!;*5:*8!
897$6B9466%=4)4=4)*4*!%=#!G$!67>867!*HH*C7!:?!?!>C*!67$<=#=7*76)8*46*4'!
T$66*;*5:*8*4!C$4!<A))*6!=44!=!C$66*7%*8864=77*7!7=#!<89<$4*4!9)!;*85*;!%J8*!
<*6CA77*7!597!8*)4!9)!H(C7'!V?!;*44*!5?7*4!<#=8!5$66*;*5:*8*4!9)6?!#*77!
7=#)B*4)*#=)Q!49*!695!H98*4C#*8!C94789##!9)!%*;#=C*G9#;'!!
!! 1.1!
2!;*44*!9::)$%*4!*8!;*4!C8=7=6C*!%=4;G$67=)G*7*4!H98!H#(77*8!H(44*7!%*;!6*!:?!
(7%=C#=4)*4!$%!8*6:946*4!%*;!>C*4;*!%=4;G$67=)G*7'!Z*6:946*4!*8!<*8*)4*7!%*;!
*4!59;$#!$4$#A6*!695!=4C#(;*8*8!;*!79!59;*4*!695!*8!$47$77!?!<=;8$!7=#!
(67$<=#=7*7*4f!E986B94659;*4!5*;!#$%*67!*)*4H8*C%*46!9)!;*4!%*87=C$#*!59;*4!
695!G$8!5*67!H985#=C!*)*46%=4)*H985'!@*%*)*#6*6=4;(6*87*!#$67*8!5*;!C9<#=4)!
5*##95!59;*4*!9)!#$67*8!H8$!7(8<(#*46!9)!5$66*;*5:*8!*8!=4C#(;*87!=!
<*8*)4=4)*4'!
!
"::)$%*4!:8*6*47*8*8!<*8*)4=4)65*79;*4!H98!?!<*67*55*!C8=7=6C!%=4;G$67=)G*7!
9)!%=6*8!G%98;$4!*4!5$66*;*5:*8!C$4!>C*!67$<=#=7*76)8*46*4!%*;!?!%=6*!
8*6(#7$7*8!H8$!<*8*)4=4)*8!:?!79!H986CB*##=)*!G*4)*<89*8'!V8*6*47$6B94*4!$%!7*98=!
*8!;*#7!=!79'![>867!<*6C8=%*6!9)!H98C#$8*6!;*!(#=C*!7*98=*4*!H98!#=C*%*C7Q!59;$#!
$4$#A6*Q!5$66*;*5:*8!9)!%=4;#$67!=!*4!)*4*8*##!H985(#*8=4)'!3*8*77*8!(7#*;*6!
<*8*)4=4)65*79;*4!9)!$47$)*#6*8!9)!H98*4C#=4)*8!:8*6*47*8*6!;*8!G%98!;*7!*8!
4$7(8#=)'!
!
!
!
!
! !
!!1/1!
! !
!! 1b1!
!
2  Grunnleggende teori 
!!
"#$ %&'&(&))&!*'+*,&)-&(!.,!/&01'1-2.'!*3!*4-&-5-+&6&(!
2!;*44*!$%G$4;#=4)*4!:8*6*47*8*6!*4!5*79;*!H98!?!<*8*)4*!8*6:946*4!7=#!#$4)*!
6#$4C*!G*4)*<89*8!5*;!*4!5$66*;*5:*8!5947*87!H98!?!;*5:*!8*6:946*4!H98!
897$6B94'!F7%=C#=4)*4!$%!8*6:946*4!4?8!5=;;*#%=4;G$67=)G*7*4!>C*8!*8!$%G*4)=)!
$%!7(8<(#*46!9)!<*%*)*#6*6=4;(6*87*!C8*H7*8Q!695!C$4!H>8*!7=#!$7!8*6:946*4!>C*8!
A77*8#=)*8*'!I*;!H9876$77!>C4=4)!$%!5=;;*#%=4;G$67=)G*7*4!%=#!8*6:946*4!7=#!6#(77!
>C*!(G*55*7Q!C94678(C6B94*4!G$8!4?;;!6=4!67$<=#=7*76)8*46*!9)!;*4!7=#G>8*4;*!
5=;;*#%=4;G$67=)G*7*4!*8!;*4!C8=7=6C*!%=4;G$67=)G*7*4!9)6?!C$#7!H#(77*81
G$67=)G*7*4'!F7%=C#=4)*4!*8!%=67!=![=)(8!M1,'!&%=8%*#$%#>64=4)6H*495*4*7!+%987*^!
6G*;;=4)0!9::67?8!%*;!#$%*!%=4;G$67=)G*7*8!9)!957$#*6!=CC*!=!;*44*!9::)$%*4'!
!
3*H=4=6B94*4!$%!$C6*6A67*5*7!*8!%=67!=![=)(8!M1M'!I=4;%*C798*4!*8!<*6C8*%*7!=!;*7!
C$87*6=6C*!C998;=4$76A67*5*7!+KBL%9BL%JB%0Q!G%98!KB%*8!8*74=4)*4!7=#!!
!
!
!4-5#%;O:P%!+,"*+,+#%1"*%+#%"RR])H%248%$9,)*41A%#+1R",1%B"#%+,%18),A%A",12#5A1E",&%
X(2#Q**+,%;W:WN%
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Thus, the nature of wind forces may stem from pressure fluctuations (turbulence) in 
the oncoming flow, vortices shed on the surface and into the wake of the body, and from 
the interaction between the flow and the oscillating body itself. The first of these effects 
is known as buffeting, the second as vortex shedding, and the third is usually labelled 
motion induced forces. In literature, the corresponding response calculations are usually 
treated separately. The reason for this is that for most civil engineering structures they 
occur at their strongest in fairly separate wind velocity regions, i.e. vortex shedding is at 
its strongest at fairly low wind velocities, buffeting occur at stronger wind velocities, 
while motion induced forces are primarily associated with the highest wind velocities. 
Surely, this is only for convenience as there are really no regions where they exclusively 
occur alone. The important question is to what extent they are adequately included in the 
mathematical description of the loading process. 
In structural engineering the wind induced fluctuating forces and corresponding 
response quantities are usually assumed stationary, and thus, response calculations may 
be split into a time invariant and a fluctuating part (static and dynamic response). An 
illustration of what can be expected is shown in Fig. 1.1. 
 
Fig. 1.1     Typical response behaviour of slender civil engineering structures 
For a mathematical description of the process from a fluctuating wind field to a 
corresponding load that causes a fluctuating load effect (e.g. displacements or cross 
sectional stress resultants) a solution strategy in time domain is possible but demanding. 
The reason for this is that the wind field is a complex process that is randomly distributed 
in time and space. A far more convenient mathematical model may be established in 
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1.3   Basic flow and structural axis definitions 
The instantaneous wind velocity vector is described in a Cartesian coordinate system 
, ,f f fx y z! "# $ , where fx  is in the direction of the main flow and fz  is in the vertical 
direction as shown in Fig. 1.3.a. Accordingly, the wind velocity vector is divided into 
three components. 
 
a)   Definition of flow and structural axes, displacements and loads 
 
b)   Definition of cross sectional forces (stress resultants) 
Fig. 1.3     Basic definitions of flow and structural axes 
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relevant even further information is required with respect to the wind climate on the 
construction site. Thus, mean wind statistics must be based on data covering numerous 
meteorological observations over several years, as it is the values of ( )fV z  under a 
large variation of weather conditions that are of interest (or ideally under any possible 
weather condition at the site in question). Such statistics are usually performed on the 
mean wind velocity at 10 mfz =  and averaged over a period of 10 minT = . A typi-
cal instantaneous wind velocity profile in the main flow direction is illustrated on the left 
hand side of Fig. 3.1, together with the mean velocity and turbulence variation with 
!
" . 
 
Fig. 3.1     The wind velocity and turbulence profiles 
A theoretical approach renders a natural logarithmic profile for the height variation of 
the mean wind velocity (first shown by Millikan [30]) 
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where the index 10 has been added to V, indicating an averaging period of 10 minutes, 
while Tk , 0z  and minz  are parameters characteristic to the terrain in question. 
The height minz  has been introduced because such a velocity profile has a limited va-
lidity close to the ground, where turbulence and directional effects prevail.  
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Fig. 3.6     Cross covariance of along–wind u component 
The corresponding covariance coefficients are defined by 
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(If the process is not ergodic, then mσ  should be taken at position s , while nσ  should 
be taken at s s+ ∆ .) The situation is illustrated in Fig. 3.6 with m u=  and fs y= , 
which is most relevant for a horizontal structure where time series of the turbulence 
components have been recorded at various positions a and b along the span of the struc-
ture. As can be seen from Eq. 3.29 (and 3.30), there are 27 possible covariance func-
tions. However, it is a usual assumption that cross covariance between two different 
turbulence components may be neglected, at least beyond a certain distance above the 
ground. All off-diagonal terms in Eq. 3.29 will then become zero, and the number of 
possible covariance estimates is reduced to nine: 
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where ,f fs x y=  or fz . The corresponding covariance coefficients are defined by 
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#∆ = ∆ ∆ ∆"$
                    
(3.33) 
The covariance properties in the wind field are in general decaying with increasing sepa-
ration s∆  and time lag τ . A typical decreasing curve at 0τ =  is illustrated in Fig. 3.7. 
 
Fig. 3.7     Spatial cross covariance properties of the wind field 
The situation at 0τ =  is particularly interesting because 
( ) ( )
0
, 0s n nnL s d sρ τ
∞
= ∆ = ∆%  
, ,
, ,f f f
n u v w
s x y z
=!"
#∆ = ∆ ∆ ∆"$
                  (3.34) 
is a characteristic length scale that may be interpreted as the average eddy size of com-
ponent n  in the direction of s . For instance, the length scales ,x xf fu vL L  and 
xf
wL  are 
quantities representing the average eddy size of the u , v  and w  components in the 
direction of the main flow. They have previously been presented in Eq. 3.24, and since 
they obviously can be extracted directly from two point data and Eq. 3.34, the use of 
Taylor’s hypothesis behind Eq. 3.24 is obsolete. The remaining six length scales s nL  
with , ,n u v w=  and ,f fs y z=  are the corresponding quantities that represent the spatial 
properties in a plane perpendicular to the main flow direction. Typical decay curves for 
the u  component are shown in Fig. 3.8, illustrating the spatial interpretation of the inte-
gral length scales. 
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Fig. 3.8     Spatial illustration of the integral length scales 
The spatial properties of turbulence are trongly d pendent of the fetch, i.e. the up–
wind terrain. In general, the determination of spatial properties of the turbulence compo-
nents should be based on full scale recordings on the site in question. However, for a 
first approximation and under homogeneous conditions not unduly close to the ground, 
the following may be adopted 
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(3.36) 
While cross covariance functions (or coefficients) represent the time and space domain 
properties of the turbulence components, it is the auto and cross spectral densities that 
describe the frequency-space domain properties. In text books on mathematics, the dou-
ble sided cross spectra are usually defined with ω  as the frequency variable, in which 
case (see chapter 2.6 – 2.8) 
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Fig. 5.1     Instantaneous flow and displacement quantities 
As can be seen, the usual assumption that any fluctuating quantity can be split into a 
time invariant mean part and a zero mean fluctuating part is adopted (as previously 
mentioned in chapter 1.3). Thus, the cross section at an arbitrary position along the span 
is first given the displacements ( )yr x , ( )zr x  and ( )r xθ . In this position the wind 
velocity vector is ( ),V u x t+  in the along wind horizontal direction and ( ),w x t  in the 
vertical across wind direction. It is about this position that the structure oscillates. The 
cross section is then given the additional dynamic displacements ( ),yr x t , ( ),zr x t  and 
( ),r x tθ . In this position the instantaneous cross sectional drag, lift and moment forces in 
flow axes are by definition given by 
 
( )
( )
( )
( )
( )
( )
2
2
,
1
,
2
,
D D
L rel L
M M
q x t D C
q x t V B C
q x t B C
α
ρ α
α
! "! " ⋅
# $# $
= ⋅ ⋅# $# $
# $# $
⋅% & # $% &
                              
(5.1) 
 
 
 
!! 1M-1!
! q
tot
x,t( ) =
q
y
q
z
q!
"
#
$
$
$
%
&
'
'
'
tot
=
cos (( ) )sin (( ) 0
sin (( ) cos (( ) 0
0 0 1
"
#
$
$
$
%
&
'
'
'
q
D
q
L
q
M
"
#
$
$
$
%
&
'
'
'
!! +O',O0!
;*8! !
 
! = tan"1
w " !r
z
V + u " !r
y
#
$
%
&
'
( !!
3*7!C$4!$47$6!$7!7(8<(#*46*4Q!u x,t( ) !9)!w x,t( ) Q!*8!#=7*4!=!H98G9#;!7=#!
5=;;*#%=4;G$67=)G*7*4Q!V x( ) '!3*7!$47$6!9)6?!$7!;*!%$8=*8*4;*!H986CA%4=4)*4*!$%!
7%*8864=77*7Q!=4C#(;*87!;*!;*8=%*87*Q!*8!65?'!T*;!;=66*!$47$)*#6*4*!C$4!%=4C*#*4!x!
$47$6!#=7*4!6#=C!$7!
!
 
sin !( ) " tan !( ) " ! "
w # !r
z
V + u # !r
y
"
w # !r
z
V
!! +O',N0!
F778ACC*7!H98!V
rel
2 C$4!6C8=%*6!%*;!<8(C!$%!:A7$)98$6!7*98*5!9)!#=4*$8=6*8*6!%*;!?!
678AC*!G>A*8*!98;*46!#*;;!5*;!$47$77*!65?!67>88*#6*8'!
!
 
Vrel
2
= V + u ! !ry( )
2
+ w ! !rz( )
2
"V
2
+ 2Vu ! 2V!ry !! +O',.0!
I*;!?!C95<=4*8*!#=)4=4)!+O',M0Q!+O',N0!9)!+O',.0!C$4!#=)4=4)!+O',O0!5*;!H98;*#7*!
%=4;#$67*8!=!C94678(C6B94*46!$C6*8*74=4)*8!6C8=%*6!695f!
!
 
qy
qz
q!
"
#
$
$
$
%
&
'
'
'
tot
=
1 (
w ( !rz
V
0
w ( !rz
V
1 0
0 0 1
"
#
$
$
$
$
$
$
%
&
'
'
'
'
'
'
)
1
2
* V 2 + 2Vu ( 2V!ry( )
D )CD +( )
B )CL +( )
B
2 )CM +( )
"
#
$
$
$
%
&
'
'
'
= *V
V
2
+ u ( !ry
,
-.
/
01
DCD +( ) + BCL +( ) (
w ( !rz
V
,
-.
/
01
BCL +( ) + DCD +( )
w ( !rz
V
,
-.
/
01
B
2
CM +( )
"
#
$
$
$
$
$
$
$
%
&
'
'
'
'
'
'
'
!! +O',/0!
!
!
!
!!1OS1!
p$67C9*H=6=*47*4*!f@Q!fa!9)!f_!*8!=CC*1#=4*J87!$%G*4)=)*!$%!$4)8*:6%=4C*#*4!w!9)!
#=4*$8=6*8*6!695!H>#)*8f!
!
CD !( )
CL !( )
CM !( )
"
#
$
$
$
%
&
'
'
'
=
CD !( )
CL !( )
CM !( )
"
#
$
$
$
%
&
'
'
'
+! f
(CD !( )
(CL !( )
(CM !( )
"
#
$
$
$
%
&
'
'
'
!! !+O',b0!
3*8!! 9)!! f *8!5=;;*#%*8;=!9)!%$8=*8*4;*!;*#!$%!$4)8*:6%=4C*#*4'!
[>#)*4;*!497$6B94!=44H>8*6!H98!*4C*#G*7*46!6CA#;f!
!
CD !( )
CL !( )
CM !( )
"
#
$
$
$
%
&
'
'
'
=
CD
CL
CM
"
#
$
$
$
%
&
'
'
'
+! f
(CD
(CL
(CM
"
#
$
$
$
%
&
'
'
'
!! +O',c0!
[8$![=)(8!O1.!9)!#=)4=4)!+O',N0!6*8!5$4!$7!!
!
 
! = r" + r" + # $ r" + r"+
w % !r
z
V
!!
6#=C!$7!
 !
! = r
"
"# ! f = r"+
w # !rz
V
!! +O',-0!
3*77*!6*77*6!=44!=!#=)4=4)!+O',/0!%*;!$7!#$67C9*HH=6=*47*4*!=!H>867*!#*;;!=!
G$C*:$8*47*6*4!=!#=)4=4)!+O',/0!*867$77*6!5*;!#=)4=4)!+O',c0!5*46!$4;8*!#*;;!
*867$77*6!5*;!5=;;*#%*8;=*4!+H>867*!#*;;0!=!#=)4=4)!+O',c0'![$C798=6*8=4)!9)!
98;4=4)!$%!#*;;!)=8f!
!
 
qy
qz
q!
"
#
$
$
$
%
&
'
'
'
tot
= (V
V
2
+ u ) !ry
*
+,
-
./
DCD
BCL
B
2
CM
"
#
$
$
$
%
&
'
'
'
+ r!+
w ) !rz
V
*
+,
-
./
D 0CD
B 0CL
B
2
CM
"
#
$
$
$
%
&
'
'
'
+
w ) !rz
V
*
+,
-
./
)BCL
DCD
0
"
#
$
$
$
%
&
'
'
'
1
2
3
4
3
5
6
3
7
3
!!+O'MS0!
I=;*8*!5(#7=:#=6*8*6!:$8*47*6*4*!(7!9)!(778ACC*7!#=4*$8=6*8*6!%*;!?!4*)#=6B*8*!
G>A*8*!98;*46!#*;;!$%!$47$77*!65?!67>88*#6*8'!
!! 1O,1!
!
 
qy
qz
q!
"
#
$
$
$
%
&
'
'
'
tot
=
(V 2
2
B
D
B
CD
CL
BCM
"
#
$
$
$
$
$
%
&
'
'
'
'
'
+
(V
2
B
2
D
B
CD
2CL
2BCM
"
#
$
$
$
$
$
%
&
'
'
'
'
'
u +
D
B
)CD *CL
)CL +
D
B
CD
B )CM
"
#
$
$
$
$
$
$
%
&
'
'
'
'
'
'
w
+
,
-
-
-
-
-
-
.
/
0
0
0
0
0
0
*
(V
2
B
2
D
B
CD
2CL
2BCM
"
#
$
$
$
$
$
%
&
'
'
'
'
'
!ry +
D
B
)CD *CL
)CL +
D
B
CD
B )CM
"
#
$
$
$
$
$
$
%
&
'
'
'
'
'
'
!rz
+
,
-
-
-
-
-
-
.
/
0
0
0
0
0
0
+
(V 2
2
B
D
B
)CD
)CL
B )CM
"
#
$
$
$
$
$
%
&
'
'
'
'
'
r!
!! +O'M,0!
p=)4=4)!+O'M,0!9%*4H98!<*67?8!$%!H=8*!#*;;'!3*7!H>867*!*8!5=;;*#%=4;#$67*4Q!;*7!
$4;8*!*8!#$67*4!:?!)8(44!$%!7(8<(#*46!9)!;*!79!6=67*!#*;;*4*!*8!
<*%*)*#6*6=4;(6*87*!C8*H7*8!H8$!7%*8864=77*76!G$67=)G*7!9)!H986CA%4=4)'!3*77*!C$4!
6C8=%*6!*4C#*8*!:?!5$78=6*H985f!
!
 
q
tot
= q + B
q
v + C
ae
!r + K
ae
r !! +O'MM0!
;*8!! ! ! v = u w!" #$
T
!9)! r = ry rz r!"#
$
%
T
!!
! q =
!V 2B
2
D / B( )C
D
C
L
BC
M
"
#
$
$
$
$
%
&
'
'
'
'
!! +O'MO0!
! Bq =
!VB
2
2 D B( )CD
2CL
2BCM
D B( ) "CD #CL
"CL + D B( )CD
B "CM
$
%
&
&
&
&
'
(
)
)
)
)
!! +O'MN0!
! C
ae
= !
"VB
2
2 D B( )CD
2C
L
2BC
M
D B( ) #CD !CL
#C
L
+ D B( )CD
B #C
M
0
0
0
$
%
&
&
&
&
'
(
)
)
)
)
!! +O'M.0!
! K
ae
=
!V 2B
2
0
0
0
0
0
0
D B( ) "CD
"C
L
B "C
M
#
$
%
%
%
%
&
'
(
(
(
(
!! +O'M/0!
!!1OM1!
[98!?!7$!G*46A4!7=#!H8*C%*46*4!7=#!%=4;H#(C7($6B94*4!+7(8<(#*46*40!695!H>8*8!7=#!
78ACC%$8=$6B94*8!8(4;7!7%*8864=77*7!=44H>8*6!6?C$#7*!
7%*8864=776$;5=7$46*H(4C6B94*4*!=!5$78=6*4!%_'!I*;!G>A*!H8*C%*46*8!=!
7(8<(#*46*4Q!;%6!7(8<(#*46!5*;!8$6C!8*74=4)6*4;8=4)!9)!;*85*;!#=7*4!895#=)!
(7678*C4=4)Q!%=#!=CC*!#(H7678>55*4!H8$!7(8<(#*46*4!956#(77*!C94678(C6B94*4!9)!
#$67%=8C4=4)*4!<#=8!;*85*;!5=4;8*'!E%*8864=776$;5=7$46*H(4C6B94*4*!*8!<*67*57!
(7!H8$!59;*##H986>C!9)!%*8;=*4*!)?8!597!y4!H98!#$%*!7(8<(#*46H8*C%*46*8!
+%=4;C$67!5*;!6798!(7678*C4=4)0!9)!$%7$8!597!4(##!H98!G>A*8*!H8*C%*46*8!
+7(8<(#*46!5*;!#=7*4!(7678*C4=4)0'!%_!C$4!;*85*;!6C8=%*6f!
! Bq !( ) =
"VB
2
2 D B( )CD #Ayu !( )
2CL #Azu !( )
2BCM #A$u !( )
D B( ) %CD &CL( ) #Ayw !( )
%CL + D B( )CD( ) #Azw !( )
B %CM #A$w !( )
'
(
)
)
)
)
*
+
,
,
,
,
!! +O'Mb0!
G%98! Aij !( ) !*8!7%*8864=776$;5=7$46*H(4C6B94*4*'!
!
T$78=6*4*!&$*!9)!#$*!7=#6%$8*8!;*!$*89;A4$5=6C*!;*8=%*87*'!3*!$*89;A4$5=6C*!
;*8=%*87*!(778ACC*8!<=;8$)*4*!7=#!;*!<*%*)*#6*6!=4;(6*87*!C8*H7*4*!H8$!
7%*8864=77*76!H986CA%4=4)!9)!G$67=)G*7'![98!?!<*67*55*!6$57#=)*!$*89;A4$5=6C!
;*8=%*87*!H98!*7!<897%*8864=77!5?!59;*##H986>C!=!%=4;7(44*#!<*4A77*6'!
L78>54=4)6<=#;*7!8(4;7!*4!C94678(C6B94!:?%=8C*6!5A*!$%!(7H>8*#6*4!9)!;*7!*8!
%$4#=)!?!)B>8*!59;*##H986>C!5*;!(767A8!9)!CB>8*7>A!:#$66*87!:?!<89<$4*4!=!7=##*))!
7=#!H986>C!5*;!*7!678=::*7!7%*8864=77'!
!
D985$#=6*87*!$*89;A4$5=6C!;*8=%*87*!=44H>8*6!H98!?!*4C*#7!C(44*!6C$#*8*!%*8;=*8!
H8$!59;*##6C$#$!7=#!%=8C*#=)!6C$#$'!!
!
!
C
ae
=
!B2
2
"
i
V( ) #Cˆ
ae
"# K
ae
=
!B2
2
"
i
V( )( )
2
#Kˆ
ae
!! +O'Mc0!
&*8!*8!*)*4H8*C%*46*4Q!!
i
V( ) Q!$%G*4)=)!$%!5=;;*#%=4;G$67=)G*7*4'!24;*^!4!
8*H*8*8*8!7=#!7=#G>8*4;*!59;*!9Q!J!*##*8!b&%3*7!%=#!6=!$7!P
k
* !5(#7=:#=6*8*6!5*;!! y V( ) Q!
H
k
* !5(#7=:#=6*8*6!5*;!!
z
V( ) !9)! A
k
* !5(#7=:#=6*8*6!5*;!!
"
V( ) '!T$78=6*4*!5*;!;*!
4985$#=6*87*!$*89;A4$5=6C!;*8=%*87*!<#=8!695!H>#)*8f!
!! 1OO1!
!
!
Cˆ
ae
=
P
1
*
P
5
*
BP
2
*
H
5
*
H
1
*
BH
2
*
BA
5
*
BA
1
*
B
2
A
2
*
!
"
#
#
#
#
$
%
&
&
&
&
"# Kˆ
ae
=
P
4
*
P
6
*
BP
3
*
H
6
*
H
4
*
BH
3
*
BA
6
*
BA
4
*
B
2
A
3
*
!
"
#
#
#
#
$
%
&
&
&
&
!! +O'M-0!
3*!4985$#=6*87*!$*89;A4$5=6C*!;*8=%*87*!!Pk
*
,H
k
*
"# A
k
* *8!H(4C6B94*8!$%!;*4!
8*;(6*87*!5=;;*#%=4;G$67=)G*7*4!Vˆ =V B !"
i
V( )( ) '!3*44*!%$8=$<*#*4!*8!
;=5*46B946#>6!9)!;*85*;!*8!;*7!*4C*#7!?!6C$#*8*!;*!4985$#=6*87*!$*89;A4$5=6C*!
;*8=%*87*!H8$!59;*##6C$#$!7=#!H(##!67>88*#6*'!!
!
I*;!<*8*)4=4)!$%!!Cae "# Kae !5?!! i V( ) !%J8*!CB*47'!3*44*!H=44*6!%*;!?!#>6*!
*)*4%*8;=:89<#*5*7!G%98!K
ae
!=44)?8'!3*4!$*89;A4$5=6C*!67=%G*7*4!=44)?8!G*8!
:?!<*))*!6=;*8!=!#=)4=4)*4!9)!#=)4=4)*4!5?!;*8H98!#>6*6!%*;!<8(C!$%!=7*8$6B94*8'!
!
F778ACC*4*!=!#=)4=4)!+O'M.0!9)!+O'M/0!H8$!<(HH*7=4)17*98=*4!C$##*6!C%$6=167$7=6C*!
$*89;A4$5=6C!;*8=%*87*'!3*!*8!(7=#H8*;667=##*4;*!%*;!<*8*)4=4)!$%!8*6:946!%*;!
G>A*!%=4;G$67=)G*7*8!H98;=!H98*4C#=4)*4*!=!7*98=*4!(7*#(CC*8!
<*%*)*#6*6=4;(6*87*!C8*H7*8!H8$!897$6B946G$67=)G*7*4!7=#!7%*8864=77*7Q!
 
!r
!
'!3*85*;!
*8!=CC*!$*89;A4$5=6C!;*5:4=4)!=!7986B94! A
2
*( ) !;*H=4*87'![98!%$4#=)*!<897%*8864=77!
*8! A
2
* !4*)$7=%!H98!G>A*8*!%=4;G$67=)G*7*8!9)!;*85*;!*7!%*6*47#=)!<=;8$)!7=#!
>C*4;*!8*6:946!9)!67$<=#=7*76:89<#*5*7'!
!
!
!
!
!
!
!
! !
!!1ON1!
!
!
! !
!! 1O.1!
!
4 Dynamisk analyse for 
aerodynamisk stabilitet  
!!
!
2!;*77*!C$:=77*#*7!(7%=C#*6!7*98=*4!H98!8*6:946<*8*)4=4)!$%!*4!<89C94678(C6B94!
5*;!*4!5$66*;*5:*8!5947*87!:?!*7!)=77!:(4C7!#$4)6!<89C94678(C6B94*4'!
E=;#=)*8*!=!9::)$%*4!*8!7*98=*4!<$C!;*!(#=C*!*#*5*47*4*!:8*6*47*87'!&*8!
6$55*4H$77*6!9)!C95<=4*8*6!;*77*!7=#!*4!G*#G*7#=)!8*6:946<*8*)4=4)!695!
=4C#(;*8*8!#$67*8!H8$!<(HH*7=4)17*98=*4Q!<*%*)*#6*6=4;(6*87*!#$67*8!)=77!$%!;*!
$*89;A4$5=6C!;*8=%*87*!9)!;*5:4=4)*4!=4789;(6*87!$%!5$66*;*5:*8*4'!
p=C*%*C76#=)4=4)*4!H98!6A67*5*7!5*;!5$66*;*5:*8*4!*8!(7%=C#*7!%*;!<8(C!$%!
;]W#*5<*87!:8=46=::!9)!%=87(*##*!H986CA%4=4)*86!:8=46=::Q!H98C#$87!4J85*8*!=!
C$:=77*#!M'M'!
!
Z*6:946<*8*)4=4)*4!*8!(7%=C#*7!5*;!7$4C*!:?!?!<*67*55*!67$<=#=7*76)8*46*4!7=#!
C94678(C6B94*4Q!%=4;G$67=)G*7*4!G%98!8*6:946*4!>C*8!(G*55*7'!3*7!*8!;*8H98!
=CC*!#$)7!%*C7!:?!?!9::4?!4>A$C7=)*!8*6(#7$7*8!H98!#$%*!%=4;G$67=)G*7*8'!
[#(77*8H*495*4*7!9::67?8!695!>C*4;*!897$6B9466%=4)4=4)*8!=!*)*46%=4)*H985*4!
5*;!#$%*67!*)*4H8*C%*46'!I*;!>C*4;*!%=4;G$67=)G*7!%=#!*)*4H8*C%*46*4!<#=!#$%*8*!
9)!4J85*!6*)!*)*4H8*C%*46*4!7=#!;*4!%*87=C$#*!*)*46%=4)*H985*4!695!*8!5*67!
H985#=C'!I*;!C8=7=6C!%=4;G$67=)G*7!*8!;*4!%*87=C$#*!6%=4)4=4)*4!9)!
897$6B9466%=4)4=4)*4!C9<#*7!6$55*4!7=#!*4!H*##*6!<*%*)*#6*!5*;!6$55*!
*)*4H8*C%*46'!h%8=)*!*)*46%=4)*H985*8!*8!4*)#=6B*8<$8*!%*;!%=4;G$67=)G*7*8!
4J8!67$<=#=7*76)8*46*4!9)!;*!79!59;*4*!695!C9<#*6!6$55*4!*8!;*85*;!
7=#678*CC*#=)!H98!?!<*8*)4*!H#(77*88*6:946*4'!3*!79!*)*46%=4)*H985*4*!)=8!79!
H8=G*76)8$;*8!=!6A67*5*7'!2!7=##*))!*8!;*7!=4C#(;*87!*4!5$66*;*5:*8!695!)=8!*4!
*C678$!H8=G*76)8$;'!T$66*;*5:*8*4!*8!C94678(*87!6#=C!$7!;*4!C(4!;*5:*8!
897$6B9466%=4)4=4)*8!7=#!7%*8864=77*7'![8=G*76)8$;*4*!7=#!6A67*5*7!*8!%=67!=![=)(8!
N1,'!!
!!1O/1!
!
!4-5#%?O:P%hH+#12+%B4-5#%H41+#%H+#24A)8%B#4]+21-#)$L%#J&%S+$+#12+%B4-5#%H41+#%B#4]+21-#)$+#%B"#%
#"2)1E",L%#b%L%"-%*)11+$+*R+#L%#$L%1)*2%#+8)24H%B#4]+21-#)$%B"#%*)11+$+*R+#+,L%i#$&%
_4,512+-,+2%+#%H412%B"#%\%Hj#+%A",1412+,2%*+$%$+B4,41E",+,%4%A)R422+8%>&;&%(2)241A+%
B"#1A9H,4,-+#%+#%4AA+%H412%4%B4-5#+,+&%
!
[8$!;]W#*5<*87]6!:8=46=::!C$4!C8*H7*4*!695!%=8C*8!:?!<89<$4*4!%*;!%*87=C$#!
;*H985$6B94!9)!<*%*)*#6*!6*77*6!9::!695!%=67!=![=)(8!N1M'!E=#6%$8*4;*!C$4!6*77*6!
9::!H98!;*H985$6B94!9)!<*%*)*#6*!=!897$6B94'!3*77*!*8!=CC*!%=67!=!H=)(8Q!5*4!*8!
*C%=%$#*47!5*;![=)(8!N1MQ!<9876*77!H8$!$7!=4;8*!C8*H7*8!*867$77*6!5*;!
7986B946595*47*8'!R8*H7*4*!695!%=8C*8!:?!5$66*;*5:*8*4!9)!5*##95!
5$66*;*5:*8*4!9)!<89<$4*4!*8!:?!7=#6%$8*4;*!5?7*!%=67!=![=)(8!N1O'!
[986CA%4=4)*4*!=!H=)(8*4Q!#bXKL2N%9)!#$X2N!H98!G*4G9#;6%=6!<89<$4*4!9)!
5$66*;*5:*8*4Q!*8!<*))*!897$6B94*8!95!^1$C6*4'!3*!7=#G>8*4;*!C8*H7*4*!*8!
6?#*;*6!595*47*8!95!6$55*!$C6*'!
!
!
!
!
!
-
-
y
z
y
z
!
d
d
"
SC
SC
z
!! 1Ob1!
!
!4-5#%?O;P%k2#+%"-%4,$#+%A#+B2+#%B"#%H+#24A)8%+-+,1H4,-+B"#*%B#)%$^/8+*0+#2^1%R#4,14RR&%
X(2#Q**+,%;W:>N%
!
!
!
!
!
!
!4-5#%?O>P%_)11+A#+B2+#%1"*%H4#A+#%R\%7_@%"-%A#+B2+#%*+88"*%7_@%"-%0#"0),+%B#)%
$^/8+*0+#2^1%R#4,14RR&%X(2#Q**+,%;W:>N%
,
!!1Oc1!
!
!4-5#%?O?P%G#+B2+#%*+88"*%*)11+$+*R+#+,%"-%0#"0),+,&%X(2#Q**+,%;W:>N%
!
I*;!?!6*77*!9::!*4!$8<*=;6#=C*%*C7!*77*8!%=87(*##*!H986CA%4=4)*86!:8=46=::Q!;*8!
%=87(*#7!$8<*=;!(7H>87!$%!A78*!C8*H7*8!*8!#=C!%=87(*#7!$8<*=;!(7H>87!$%!=4;8*!C8*H7*8Q!
H?8!5$4!H>#)*4;*!(778ACC'!
!
 
qztot x,t( )!mz x( )!!rz x,t( )! cz x( ) !rz x,t( )"# $%& rz x( )dx
L
'
+ q(tot x,t( )!m( x( )!!r( x,t( )! c( x( ) !r( x,t( )"# $%& r( x( )dx
L
'
+ Fd t( )& r( xd( )! Md!!rd t( ) + Fd t( )"# $%& rd
= EIy ))rz *& ))rz + N )rz *& )rz dx
0
L
' + GIT )r( + Nep
2 )r(( )& )r( dx
0
L
'
!! +N',0!
&*8!*8!
!
! r
z
,! r
"
"# ! r
d
%=87(*##*!H986CA%4=4)*8!9)!F
d
!*8!C8$H7*4!695!%=8C*8!5*##95!
<89<$4*4!9)!5$66*;*5:*8*4'!3*44*!C8$H7*4!$%G*4)*8!$%!67=%G*761!9)!
;*5:4=4)6:$8$5*7*8*4!+G$%9)!f$0!7=#!5$66*;*5:*8*4!9)!;*4!8*#$7=%*!897$6B94*4!
5*##95!;*5Q!%=67!=![=)(8!N1N'!!
!
!
 
F
d
t( ) = C
d
!r
d
t( )! !r" xd ,t( )#$ %& + Kd rd t( )! r" xd ,t( )#$ %&
= C
d
!r
d
t( ) + K
d
r
d
t( ) ! C
d
!r" xd ,t( ) + Kdr" xd ,t( ){ }
!! +N'M0!
!
!
!
M
!
K C
"
d
d
" d
d
d
d
"
!! 1O-1!
3*85*;!<#=8!
!
 
mz!!rz x,t( )! rz x( )dx
L
" + cz !rz x,t( )! rz x( )dx
L
"
+ EIy ##rz x,t( )! ##rz x( ) + N #rz x,t( )! #rz x( )dx
L
"
+ m$!!r$ x,t( )! r$ x( )dx
L
" + c$ !r$ x,t( )! r$ x( )dx
L
"
+ GIT #r$ x,t( ) + Nep
2 #r$ x,t( )( )! #r$ x( )dx
L
"
% Cd !rd t( ) + Kdrd t( ) % Cd !r$ xd ,t( ) + Kdr$ xd ,t( ){ }&' ()! r$ xd( )
+ Md!!rd t( ) +Cd !rd t( ) + Kdrd t( ) % Cd !r$ xd ,t( ) + Kdr$ xd ,t( ){ }&' ()! rd
= qztot x,t( )! rz x( )dx
L
" + q$tot x,t( )! r$ x( )dx
L
"
!! +N'O0!
24789;(6*8*8!59;$#*!H8=G*76)8$;*8!H98!8**##*!9)!%=87(*##*!H8=G*76)8$;*8'!3*7!$47$6!
G*8!$7!59;*4*!<*67?8!$%!C(4!*4!C95:94*47Q!%*87=C$#!H986CA%4=4)!+J0!*##*8!
897$6B94!+b0'!!
!
r
z
x,t( ) =!z x( )"z t( )
r# x,t( ) =!# x( )"# t( )
r
d
t( ) = 1$"d t( )
% r
z
x( ) =!z x( )%"z
% r# x( ) =!# x( )%"#
% r
d
= 1$%"
d
!! +N'N0!
p=)4=4)!+N'O0!:?!59;$#!H985!<#=8!;*85*;f!
!
 
mz!z x( ) !!"z t( )!z x( )#"z dx
L
$ + cz!z x( ) !"z t( )!z x( )#"z dx
L
$
+ EIy %%!z x( )"z t( ) %%!z x( )#"z dx
L
$ + N %!z x( )"z t( ) %!z x( )#"z dx
L
$
+ m&!& x( ) !!"& t( )!& x( )#"& dx
L
$ + c&!& x( ) !"& t( )!& x( )#"& dx
L
$
+ GIT %!& x( )"& t( ) %!& x( )#"& dx
L
$ + Nep2 %!& x( )"& t( ) %!& x( )#"& dx
L
$
' Cd !"d t( ) + Kd"d t( ) ' Cd!& xd( ) !"& t( ) + Kd!& xd( )"& t( ){ }() *+!& xd( )#"&
+ Md !!"d t( ) +Cd !"d t( ) + Kd"d t( ) ' Cd!& xd( ) !"& t( ) + Kd!& xd( )"& t( ){ }() *+#"d
= qztot x,t( )!z x( )#"z dx
L
$ + q&tot x,t( )!& x( )#"& dx
L
$
!! +N'.0!
!!1NS1!
3*77*!C$4!6C8=%*6!:?!5$78=6*H985f!
!
 
!"T !M
0
""
0
t( ) + !C
0
"
0
t( ) + !K
0
"
0
t( )#$ %& = !"
T !R
0
t( ) !!
!
!
!
0
t( ) =
!
z
t( )
!" t( )
!
d
t( )
#
$
%
%
%
&
'
(
(
(
"# )! =
)!
z
)!"
)!
d
#
$
%
%
%
&
'
(
(
(
!! +N'/0!
G%98!!"T !*8!%=#C?8#=)!9)!C$4!678AC*6!%*;!?!:8*15(#7=:#=6*8*!5*; !"T( )
#1
'!3*85*;!
<#=8!#=C*%*C76#=)4=4)*4f!
!
 
!M
0
""!
0
t( ) + !C
0
"!
0
t( ) + !K
0
!
0
t( ) = !R
0
t( ) !! +N'b0!
3*8!5$78=6*4*!*8!;*H=4*87!695!H>#)*8f!
!
 !
!M
0
=
!M
z
0 0
0 !M! 0
0 0 M
d
"
#
$
$
$
$
%
&
'
'
'
'
"#$
!M
z
!M!
"
#
$
$
%
&
'
'
=
(
z
2
x( )mz
(!
2
x( )m!
"
#
$
$
%
&
'
'
L
) dx
!! !+N'c0!
!
 !
!C
0
=
!C
z
0 0
0 !C! +Cd"!
2
x
d( ) #Cd"! xd( )
0 #C
d
"! xd( ) Cd
$
%
&
&
&
&
'
(
)
)
)
)
"#$
!C
z
!C!
$
%
&
&
'
(
)
)
=
"
z
2
x( )cz
"!
2
x( )c!
$
%
&
&
'
(
)
)
L
* dx
!! +N'-0!
!
 !
!K
0
=
!Ktot ,z 0 0
0 !Ktot ,! + Kd"!
2
xd( ) #Kd"! xd( )
0 #Kd"! xd( ) Kd
$
%
&
&
&
&
'
(
)
)
)
)
"#$
!Ktot , z
!Ktot ,!
$
%
&
&
'
(
)
)
=
**"z x( )$% '(
2
EIy + *"z x( )$% '(
2
N
*"! x( )$% '(
2
GIT + *"! x( )$% '(
2
Nep
2
$
%
&
&
&
'
(
)
)
)L
+ dx
!! +N',S0!
!! 1N,1!
L95!7=;#=)*8*!4*%47!*8!;*7!=CC*!4>;%*4;=)!?!<*8*)4*!;*4!59;$#*!67=%G*7*4!4?8!
59;$#!5$66*!9)!*)*4H8*C%*46*8!*8!CB*47!H8$!#>64=4)*4!$%!*)*4%*8;=:89<#*5*7'!
3*4!59;$#*!67=%G*7*4!*8!$#7*84$7=%7!)=77!%*;f!
!
 !
!K
tot , i
=!
i
2 !M
i
"#$% i = z," !! +N',,0!
!
!
 !
!R
0
=
!Rz
!R!
0
"
#
$
$
$
$
%
&
'
'
'
'
"#$
!Rz
!R!
"
#
$
$
%
&
'
'
=
(z x( )qztot x,t( )
(! x( )q!tot x,t( )
"
#
$
$
%
&
'
'
L
) dx !! +N',M0!
3*7!*8!G*46=C765*66=)!?!=44H>8*!*4!8*#$7=%!H8=G*76)8$;!H98!5$66*;*5:*8*4!9)!
78$46H985*8*!#=)4=4)!+N'b0!5*;!7=#G>8*4;*!5$78=6*8!7=#!8*#$7=%*!H8=G*76)8$;*8'!3*7!
%=6*8!6*)!;$!$7! !K !9)! !C !<#=8!;=$)94$#*Q!49*!695!*8!*4!H98;*#!=!;*4!%=;*8*!
<*8*)4=4)*4'!L$55*4G*4)*4!5*##95!$<69#(77*!9)!8*#$7=%*!H8=G*76)8$;*8!*8f!
!
r
z
x,t( )
r! x,t( )
r
d
t( )
"
#
$
$
$
%
&
'
'
'
=
(
z
x( ) 0 0
0 (! x( ) 0
0 0 1
"
#
$
$
$
%
&
'
'
'
)
z
t( )
)! t( )
)
d
t( )
"
#
$
$
$
%
&
'
'
'
=
r
z
x,t( )
r! x,t( )
r! xd ,t( ) + *rd t( )
"
#
$
$
$
%
&
'
'
'
=
(
z
x( ) 0 0
0 (! x( ) 0
0 (! xd( ) 1
"
#
$
$
$
$
%
&
'
'
'
'
)
z
t( )
)! t( )
*)
d
t( )
"
#
$
$
$
%
&
'
'
'
!!+N',O0!
3*85*;!<#=8!
!
 
!
z
t( )
!" t( )
!
d
t( )
#
$
%
%
%
&
'
(
(
(
=
)
z
x( ) 0 0
0 )" x( ) 0
0 0 1
#
$
%
%
%
&
'
(
(
(
*1
)
z
x( ) 0 0
0 )" x( ) 0
0 )" xd( ) 1
#
$
%
%
%
%
&
'
(
(
(
(
+
! "######## $########
!
z
t( )
!" t( )
,!
d
t( )
#
$
%
%
%
&
'
(
(
(
!! !+N',N0!
T$78=6*:89;(C7*7!=!#=)4=4)!+N',N0!<#=8!78$46H985$6B9465$78=6*4!9)!%*C798*4!5*;!
H8=G*76)8$;*4*!=4C#(;*87!8*#$7=%!5$66*;*5:*81H8=G*76)8$;Q!!"
d
Q!;*H=4*8*6! ! t( ) '!!
!!1NM1!
! ! =
1 0 0
0 1 0
0 "# xd( ) 1
$
%
&
&
&
'
(
)
)
)
* t( ) =
*
z
t( )
*# t( )
+*
d
t( )
$
%
&
&
&
'
(
)
)
)
!! +N',.0!
I*;!?!6C8=%*!#=C*%*C76#=)4=4)*4!+N'b0!=!8*#$7=%*!H8=G*76)8$;*8!9)!:8*5(#7=:#=6*8*!
5*;!!T !<#=8!#=)4=4)*4!5*;!5$78=6*8!695!H>#)*8f!
!
 
!M""! t( ) + !C "! t( ) + !K! t( ) = !R t( ) !! +N',/0!
!
!
 
!M = !T !M
0
! =
!M
z
0 0
0 !M" +#"
2
x
d( )Md #" xd( )Md
0 #" xd( )Md Md
$
%
&
&
&
&
'
(
)
)
)
)
!! +N',b0!
!
 
!C = !T !C
0
! =
!C
z
0 0
0 !C" 0
0 0 C
d
#
$
%
%
%
%
&
'
(
(
(
(
!! +N',c0!
!
 
!K = !T !K
0
! =
!K
tot ,z
0 0
0 !K
tot ," 0
0 0 K
d
#
$
%
%
%
%
&
'
(
(
(
(
!! +N',-0!
!
 
!R = !T !R
0
=
!R
z
!R"
0
#
$
%
%
%
%
&
'
(
(
(
(
= !R
0
!! +N'MS0!
3*4!59;$#*!#$67%*C798*4Q! !R Q!<*67?8!$%!#$67*8!H8$!%=4;7(8<(#*46!9)!
<*%*)*#6*6=4;(6*87*!#$67*8'![8$!<(HH*7=4)17*98=*4!<*6C8*%*7!=!C$:=77*#!O'MQ!C$4!
#$67*4*!<*6C8=%*6!695!H>#)*8f!
!
 
q
tot
= B
q
v
q
v
!
+C
ae
"r +K
ae
r
q
ae
# $% &%
!! +N'M,0!
;*8! qtot =
qztot x,t( )
q!tot x,t( )
qd t( ) = 0
"
#
$
$
$
%
&
'
'
'
v =
u
w
"
#
$
%
&
' r =
rz
r!
rd
"
#
$
$
$
%
&
'
'
'
!
!! 1NO1!
V?!)8(44!$%!$7!;*7!=CC*!*8!49*4!A78*!#$67!:?!5$66*;*5:*8*4Q!<#=8!l$%n!S'!
T$78=6*4*!*8!(7#*;*7!=!C$:=77*#!O'M!9)!)B*4)=77!G*8!5*;!7=#:$64=4)*8!7=#!%$#)7*!
H8=G*76)8$;*8'!!
!
Bq !( ) =
"VB
2
2CL #Azu
2BCM #A$u
0
%CL + D B( )CD( ) #Azw
B %CM #A$w
0
&
'
(
(
(
(
)
*
+
+
+
+
=
"VB
2
Bˆq !( )
Cae =
H
1
H
2
0
A
1
A
2
0
0 0 0
&
'
(
(
(
)
*
+
+
+
Kae =
H
4
H
3
0
A
4
A
3
0
0 0 0
&
'
(
(
(
)
*
+
+
+
!! +N'MM0!
3*!59;$#*!H8=G*76)8$;*4*!695!<#*!=44H>87!=!#=)4=4)!+N'N0!C$4!6C8=%*6!:?!
5$78=6*H985!695!H>#)*8f!
! r x,t( ) =
r
z
x,t( )
r! x,t( )
r
d
t( )
"
#
$
$
$
%
&
'
'
'
=
(
z
x( ) 0 0
0 (! x( ) 0
0 0 1
"
#
$
$
$
%
&
'
'
'
)
z
t( )
)! t( )
)
d
t( )
"
#
$
$
$
%
&
'
'
'
= * x( ))0 t( ) !! +N'MO0!
3*8!C9#944*4*!=!5$78=6*4!*8!59;*4*!*8!;*H=4*87!695!!
i
!6#=C!$7!! !C$4!6C8=%*6f!
! ! = "
z
"# "d$%
&
'
!! +N'MN0!
3*4!59;$#*!#$67%*C798*4!H8$!#=)4=4)!+N',M0!C$4!;*85*;!6C8=%*6!695!H>#)*8!%*;!?!
=44H>8*!59;$#*!H8=G*76)8$;*8!H98!<*%*)*#6*6=4;(6*87*!C8*H7*8Q!$)+f!
!
 
!R
0
t( ) = !Tqtot x,t( )dx
L
" = !Tqv x,t( )dx
L
" + !Tqae x,t( )dx
L
"
= !TBqv x,t( )dx
L
" + !T Cae"r +Kaer( )dx
L
"
= !TBqv x,t( )dx
L
" + !TCae! "#0 dx + !TKae!#0
L
" dx
L
"
!! +N'M.0!
V?!)8(44!$%!$7!;*7!=CC*!*8!#$67!:?!5$66*;*5:*8*4!%=#!=CC*!78$46H985$6B94*4!7=#!
8*#$7=%*!H8=G*76)8$;*8!H98$4;8*!5$78=6*4*Q!B5H!#=)4=4)!+N'MS0'!3*85*;!C$4!59;$#!
#$67%*C798!=!8*#$7=%*!H8=G*76)8$;*8!6C8=%*f!
!!1NN1!
!
 
!R t( ) = !TBqvdx
L
"
!Rv
" #$ %$
+ !Cae &# t( ) + !Kae# t( )
!Rae
" #$$$ %$$$
!! +N'M/0!
;*8!;*!59;$#*!5$78=6*4*!H98!$*89;A4$5=6C!67=%G*7!9)!;*5:4=4)!*8!;*H=4*87!695!
H>#)*8'!
!
 
!C
ae
=
!
z
2
H
1
!"!zH2 0
!
z
!"A1 !"
2
A
2
0
0 0 0
#
$
%
%
%
%
&
'
(
(
(
(
dx
L
)
!K
ae
=
!
z
2
H
4
!"!zH 3 0
!
z
!"A4 !"
2
A
3
0
0 0 0
#
$
%
%
%
%
&
'
(
(
(
(
dx
L
)
!! +N'Mb0!
3*!$*89;A4$5=6C!;*8=%*87*!*8!$%G*4)=)!$%!*)*4H8*C%*46*4!7=#!C94678(C6B94*4!=!
%=4;H*#7*7Q!!
i
V( ) '!3*8H98!5?!$*89;A4$5=6C!;*5:4=4)!9)!67=%G*7Q!
 !
!C
ae
"# K
ae
Q!
<*8*)4*6!%*;!<8(C!$%!=7*8$6B94*8'!3*7!*8!5(#=)!?!(44)?!=7*8$6B94*8!%*;!?!<*8*)4*!
8*6:946*4!6C8=77%=6!H98!>C*4;*!5=;;*#%=4;G$67=)G*7*8!9)!<*4A77*!%*8;=*4!H98
!
i
V( ) H8$!;*7!H988=)*!5=;;*#%=4;G$67=)G*716C8=77*7!H98!?!<*67*55*!$*89;A4$5=6C!
;*5:4=4)!9)!67=%G*7'!
!
I*;!?!7$!H9(8=*878$46H985$6B94!$%!#=)4=4)!+N',/0!C$4!8*6:946<*8*)4=4)*4!)B>8*6!=!
H8*C%*46:#$4*7'!
!
 !
! t( ) = a! "( )e
i"t
"
# "# !R t( ) = a !R
v
"( )ei"t
"
# + a !R
ae
"( )ei"t
"
# !! +N'Mc0!
;*8!!
!
 !
a! "( ) =
a!z
a!#
a!d
$
%
&
&
&
'
(
)
)
)
a
!Rv
"( ) = *TBqav dx "#$ av "( ) =
au
aw
$
%
&
'
(
)
L
+
a
!Rae
"( ) = i" !Cae + !Kae( )a!
!! +N'M-0!
!! 1N.1!
p=)4=4)!+N'Mc0!9)!+N'M-0!6*77*6!=44!=!#=C*%*C76#=)4=4)*4!+N',/0f!
!
 
!" 2 !M + i" !C+ !K( )a#ei"t = a !R
v
e
i"t
+ i" !C
ae
+ !K
ae( )a#ei"t
!" 2 !M + i" !C! !C
ae( ) + !K ! !Kae( )$% &'a# = a !Rv
!!
V8*15(#7=:#=6*8*8!5*;! !K
!1 !)=8f!
!
 
!" 2 !K!1 !M + i" !K!1 !C! !C
ae( ) + !K!1 !K ! !Kae( )#$ %&a' = !K
!1
a
!R
v
!! +N'OS0!
[98!*4C*#G*76!6CA#;!=44H>8*6!8*;(6*87*!#$67C9*HH=6=*47*8f!
!!
 
a
Rˆ
v
= !K
!1
a
!R
v
!! +N'O,0!
3*85*;!<#=8!
! a! = Hˆ "( )a Rˆ
v
!! +N'OM0!
F778ACC*7!H98!H8*C%*4618*6:94615$78=6*4Q Hˆ Q!=!#=)4=4)!+N'OM0!C$4!)$4)*6!(7!9)!
6C8=%*6!5*;!H*5!#*;;!695!H>#)*8f!
!
 
Hˆ !( ) = "! 2 !K"1 !M + i! !K"1 !C" i! !K"1 !C
ae
+ !K
"1 !K " !K"1 !K
ae
#$ %&
"1
!! +N'OO0!
2!;*!H>#)*4;*!$%64=77*4*!%=#!;=66*!H*5!#*;;*4*!<#=!H98*4C#*7'!3*7!H>867*!#*;;*7Q!
5$66*#*;;*7Q!<#=8!H(##7!(76C8*%*7!695!H>#)*8f!
!
 
! 2 !K"1 !M =! 2
!M
z
!K
z
0 0
0
!M# +$#
2
x
d( )Md
!K#
$# xd( )Md
!K#
0
$# xd( )Md
K
d
M
d
K
d
%
&
'
'
'
'
'
'
'
'
'
(
)
*
*
*
*
*
*
*
*
*
!! +N'ON0!
I*;!?!=44H>8*!
 
!
i
2
= !K
i
!M
i
!;*8!4!n!JQ!bQ!9)!$L%9)!
 
µ = M
d
!M
!
!C$4!5$78=6*4!6C8=%*6!
95!7=#f!
!!1N/1!
 
! 2 !K"1 !M =! 2
1
!
z
2
0 0
0
1
!#
2
+ µ
$#
2
x
d( )
!#
2
µ
$# xd( )
!#
2
0
$# xd( )
!
d
2
1
!
d
2
%
&
'
'
'
'
'
'
'
'
(
)
*
*
*
*
*
*
*
*
=
! 2
!
z
2
0 0
0
! 2
!#
2
0
0 0
! 2
!
d
2
%
&
'
'
'
'
'
'
'
'
(
)
*
*
*
*
*
*
*
*
!ˆ 2
" #$$$ %$$$
1 0 0
0 1 0
0 0 1
%
&
'
'
'
(
)
*
*
*
I
" #$$ %$$
+
0 0 0
0 µ$#
2
x
d( ) µ$# xd( )
0 $# xd( ) 0
%
&
'
'
'
'
(
)
*
*
*
*
µ
" #$$$$$ %$$$$$
+
,
-
-
-
-
-
-
-
.
/
0
0
0
0
0
0
0
! 2 !K"1 !M = !ˆ 2 I+ µ( )
!!+N'O.0!
3*7!4*67*!#*;;*7!*8!;*5:4=4)6;*#*4!695!6C8*%*7!(7!<#=8f!
!
 
i! !K"1 !C = i!
!C
z
!K
z
0 0
0
!C#
!K#
0
0 0
C
d
K
d
$
%
&
&
&
&
&
&
&
&
'
(
)
)
)
)
)
)
)
)
!! +N'O/0!
I*;!?!=44H>8*!!
i
Q!;*5:4=4)6H98G9#;*7!$%!C8=7=6C!;*5:4=4)!)=77!%*;!
 
!C
i
= 2 !M
i
!
i
"
i
!
;*8!4%n!JL%b%9)%$Q!9::4?6!H>#)*4;*!H98*4C#=4)f!!
!
!
!
!
!
!
!! 1Nb1!
!
 
i! !K"1 !C = 2i!
!M
z
!
z
!K
z
#
z
0 0
0
!M$!$
!K$
#$ 0
0 0
M
d
!
d
K
d
#
d
%
&
'
'
'
'
'
'
'
'
(
)
*
*
*
*
*
*
*
*
= 2i!
#
z
!
z
0 0
0
#$
!$
0
0 0
#
d
!
d
%
&
'
'
'
'
'
'
'
'
(
)
*
*
*
*
*
*
*
*
= 2i
!
!
z
0 0
0
!
!$
0
0 0
!
!
d
%
&
'
'
'
'
'
'
'
'
(
)
*
*
*
*
*
*
*
*
#
z
0 0
0 #$ 0
0 0 #
d
%
&
'
'
'
'
(
)
*
*
*
*
#
" #$$ %$$
i! !K"1 !C = 2i!ˆ#
!! +N'Ob0!
3*7!78*;B*!#*;;*7!<*6C8=%*8!$*89;A4$5=6C*!C8*H7*8!:?!)8(44!$%!G$67=)G*7*4!7=#!
7%*8864=77*7'!I*;!?!=44H>8*!
 
!
ae
= 1 2diag "
i( ) !K
#1 !C
ae( ) !<#=8f!
!
 
i! !K"1 !C
ae
= 2i
!
diag !
i( )
#
ae
= 2i $ !ˆ $#
ae
!! +N'Oc0!
3*7!HB*8;*!#*;;*7!*8!67=%G*76<=;8$)*7'!3*77*!<#=8!#=C!=;*47=7*765$78=6*4Q!''!3*7!6=67*!
#*;;*7!<*6C8=%*8!$*89;A4$5=6C*!#$67*8!:)$'!H986CA%4=4)*8!9)!;*H=4*8*6!695f!
!
 
!K
!1 !K
ae
= "
ae
!! +N'O-0!
!
!
!
!
!!1Nc1!
I*;!?!6*77*!+N'O.01+N'O-0!=44!=!#=)4=4)!+N'OO0!9::4?6!H>#)*4;*!*4C#*!(778ACCf!
! Hˆ !( ) = I" #
ae( )" !ˆ
2
I+ µ( )+ 2i!ˆ $ " $ae( )%& '(
"1
!! +N'NS0!
W##*!5$78=6*4*!=!#=)4=4)!+N'NS0!*8!;*H=4*8!9%*4H98'!3*4!H>867*!:$8*47*6*4!
=44*G9#;*8!$##*!67=%G*76<=;8$)*4*Q!<?;*!678(C7(8*##*!9)!$*89;A4$5=6C*!67=%G*7*8Q!
;*4!$4;8*!:$8*47*6*4!=44*G9#;*8!5$66*<=;8$)*4*!=4C#(;*87!5$66*;*5:*8*4Q!
5*46!;*4!6=67*!:$8*47*6*4!=44*G9#;*8!;*5:4=4)6<=;8$)*4*!=4C#(;*87!
$*89;A4$5=6C!;*5:4=4)'!!
!
[98!?!H=44*!67$4;$8;$%%=C*7!7=#!8*6:946*4!<*8*)4*6!8*6:94616:*C78$#7*77G*7*4!
+H98;*#=4)*40'!247*)8$#*7!9%*8!G*#*!H8*C%*466:*C7*8*7!)=8!%$8=$46*4!695!*8!
C%$;8$7*7!$%!67$4;$8;$%%=C*7'!
!
Z*6:94616:*C78$#7*77G*7*4!*8!)=77!%*;f!
!
S! "( ) = lim
T#$
1
%T
a!
* &a!
T( )
= lim
T#$
1
%T
Hˆ "( )a
Rˆ
v
'
(
)
*
*
& Hˆ "( )a
Rˆ
v
'
(
)
*
T+
,
-
.
= Hˆ
* "( ) lim
T#$
1
%T
a
Rˆ
v
* &a
Rˆ
v
T( )HˆT "( )
= Hˆ
* "( )S
Rˆ
v
"( )HˆT "( )
!! +N'N,0!
&%98!6:*C78$#7*77G*7*4!7=#!;*4!8*;(6*87*!7(8<(#*46#$67*4!*8f!
!
 
S
Rˆv
!( ) = lim
T"#
1
$T
a
Rˆz
*
a
Rˆ%
*
0
&
'
(
(
(
(
)
*
+
+
+
+
a
Rˆz
a
Rˆ%
0&
'(
)
*+
,
-
.
.
.
.
/
0
1
1
1
1
=
! "
S
RˆiRˆj
" !
&
'
(
(
(
)
*
+
+
+
!! +N'NM0!
&*8!*8!S
Rˆ
v
!*4!O!^!O!5$78=6*!G%98!6=67*!C9#944*!9)!4*;*867*!8$;!*8!4(##!H98;=!;*7!
=CC*!%=8C*8!49*4!%=4;#$67!:?!5$66*;*5:*8*4'!3*85*;!*8!4L%EnJQ%b'!!
!
!
!
!
!! 1N-1!
I*;!?!6*77*!=44!(778ACC!H98 a
Rˆ
i/ j
H8$!#=)4=4)!+N'O,0!9)!+N'M-0!H?8!5$4f!
!
 
S
Rˆ
v,i
Rˆ
v, j
!( ) = lim
T"#
1
$T
a
Rˆ
v,i
* !( ) %a
Rˆ
v, j
T !( )&'
(
)
= lim
T"#
1
$T
* i
T
x( )Bqav
*
x,!( )dx
L
+
!Ki
%
* j
T
x( )Bqav x,!( ),- ./
T
dx
L
+
!K j
&
'
0
0
0
(
)
1
1
1
= lim
T"#
1
$T
* i
T
x
1( )Bqav
*
x
1
,!( ),- ./
L
++ % * jT x2( )Bqav x2,!( ),- ./
T
dx
1
dx
2
! i
2 !Mi( ) ! j2 !M j( )
&
'
0
0
0
(
)
1
1
1
=
* i
T
x
1( )Bq lim
T"#
1
$T
av
*
x
1
,!( ) %av
T
x
2
,!( )( )Bq
T* j x2( )dx1 dx2
L
++
! i
2 !Mi( ) ! j2 !M j( )
=
* i
T
x
1( )BqSv 2x,!( )Bq
T* j x2( )dx1 dx2
L
++
! i
2 !Mi( ) ! j2 !M j( )
!!+N'NO0!
;*8!!x = x
1
" x
2
!9)!!
i
!*8!C9#944*4*!=!! 15$78=6*4!;*H=4*87!=!#=)4=4)!+N'MO0'!!
!
3*7!)B*467?8!?!(7%=C#*!*7!(778ACC!H98!S
v
!x,"( ) !695!*8!6:*C78$#7*77G*7*4!7=#!
%=4;7(8<(#*46*4'!3*77*!*8!(7HA##*4;*!<*6C8*%*7!=!C$:=77*#!O','!I*;!?!6*!<987!H8$!
*%*47(*##*!C9<#=4)*8!5*##95!G98=6947$#!9)!%*87=C$#!7(8<(#*46Q!;*7!%=#!6=!!
S
uw
!x,"( ) = S
wu
!x,"( ) = 0 Q!<#=8!6:*C78$#7*77G*7*4!*4!;=$)94$#!5$78=6*'!
! S
v
!x,"( ) =V 2I
v
Sˆ
v
!x,"( ) !! +N'NN0!
G%98!.!*8!5=;;*#%=4;G$67=)G*7*4!9)!
!
!
I
v
= diag I
u
I
w
!
"
#
$
"# Sˆ
v
%x,&( ) = diag
S
uu
'
u
2
S
ww
'
w
2
!
"
(
(
#
$
)
)
!! +N'N.0!
!
!
!
!
!!1.S1!
I*;!?!=44H>8*!;*4!8*;(6*87*!<(HH*7=4)5$78=6*4!695!)=77!=!#=)4=4)!+N'MM0!H?8!5$4f!
!
 
S
Rˆv,i Rˆv, j
!( ) =
"V 2B
2
#
$%
&
'(
2 ) i
T
x
1( )Bˆq Iv
2
Sˆv *x,!( )+, -. Bˆq
T) j x2( )dx1 dx2
L
//
! i
2 !Mi( ) ! j2 !M j( )
=
"B3
2
"B3
2
V
B! i
#
$%
&
'(
2
V
B! j
#
$
%
&
'
(
2
1
!Mi
1
!M j
Jij
2 !( )
!! +N'N/0!
;*8!;*4!6?C$#7*!XB9=47!$YY*:7$4Y*!H(4Y7=94X!*8!
! Jij
2 !( ) = " i
T
x
1( )Bˆq Iv
2
Sˆv #x,!( )$% &' Bˆq
T" j x2( )dx1 dx2
L
(( !! +N'Nb0!
P9=47!$YY*:7$4Y*!H(4Y7=94!9%*8H>8*8!;*4!C95:#=6*87*!#$676=7($6B94*4!:?!)8(44!$%!
7(8<(#*46!7=#!*4!)B*449564=77#=)!59;$#!#$67!H98!G%*8!*)*46%=4)*H985'!3*77*!6CB*8!=!
H8*C%*46;95*4*7!9)!H(4C6B94*4!<*6C8=%*8!%*;!G%=#C*!H8*C%*46*8!7(8<(#*46#$67*4!!
:?%=8C*8!;*!(#=C*!59;*4*'!39<<*#7=47*)8$#*7!9%*8!#*4);*4!$%!C94678(C6B94*4!
)B>8!$7!7(8<(#*46*46!Y91%$8=$6B94!#$4)6!C94678(C6B94*4!=%$8*7$6!%*;!*4!895#=)!
)B*449564=776<*78$C74=4)'!
!
I*;!?!=44H>8*!H>#)*4;*!8*;(6*87*!59;$#*!5$66*8f!
!
 !
!mi =
!Mi
!i
T!i dx
L
"
"# !mj =
!M j
! j
T! j dx
L
"
!! +N'Nc0!
[?8!5$4f!
!
 
S
Rˆv,i Rˆv, j
!( ) =
"B3
2 !m
i
"B3
2 !m
j
V
B!
i
#
$%
&
'(
2
V
B!
j
#
$
%
&
'
(
2
Jˆ
ij
2 !( ) !! +N'N-0!
3*7!:8*6=6*8*6!G*8!$7!c4oB!C955*8!H8$!4985$#=6*8=4)*4!+:8*15(#7=:#=6*8=4)*40!
5*;!K!1 '!3*44*!8*:8*6*47*8*8!6A67*5*76!678(C7(8*##*!67=%G*7!9)!*8!;*8H98!=CC*!
$%G*4)=)!$%!5=;;*#%=4;G$67=)G*7*4'!
!
!
!
!! 1.,1!
3*4!8*;(6*87*!B9=47!$YY*:7$4Y*!H(4Y7=94!=!#=)4=4)!+N'N-0!<#=8f!
! Jˆij
2 !( ) =
" i
T
x
1( )Bˆq Iv
2
Sˆv #x,!( )$% &' Bˆq
T" j x2( )dx1 dx2
L
((
"i
T"i dx
L
( ) " jT" j dx
L
(
!! +N'.S0!
[98!<*8*)4=4)!$%!H#(77*88*6:946*4!!C$4!;*7!)B>8*6!H#*8*!$47$)*#6*8!695!H98*4C#*8!
$47$##!#*;;!=!#=)4=4)!+N'.S0'!W47$)*#6*4*!)B*#;*8!#$67;*#*4!$%!(778ACC*7Q!%$Q!;*7!%=#!
6=!#$67*4*!695!9::78*8!:?!)8(44!$%!7(8<(#*46'![98!;*7!H>867*!*8!
7%*8864=776$;5=7$46*H(4C6B94*4*!(7*#$77'!3*77*!:?%=8C*8!8*6:946*4!=!#=7*4!)8$;!
%*;!6798*!%=4;G$67=)G*7*8'!I=;*8*!*8!;*7!%$4#=)Q!=!H>#)*!L78>55*4!+MS,S0Q!?!$47$!
H>#)*4;*!#$67C9*HH=6=*47*8!%*;!<*8*)4=4)!$%!8*6:946!H98!<89*8!5*;!*7!
678>5#=4B*H985*7!7%*8864=77f!
!
 !
C
D
!C
L
!C
M
"
#
$
%
$
& 0,
!C
D
C
L
C
M
"
#
$
%
$
= 0 "#
D
B
C
D
! !C
L
!! +N'.,0!
3*7!*8!7=;#=)*8*!$47$77!$7!G98=6947$#*!H986CA%4=4)*8!=CC*!*8!=47*8*66$47!H98!
H#(77*88*6:946*4!9)!;*8H98!*8!;8$)1C9*HH=6=*47*4*Q!!CD "# !CD Q!695!)=8!#$67*8!=!
G98=6947$#!8*74=4)!(7*#$77'!I*;!?!4*)#=6B*8*!H#*8*!#$67C9*HH=6=*47*8Q!695!)=77!=!
$47$)*#6*4!=!#=)4=4)!+N'.,0Q!<#=8!A77*8#=)*8*!#$67*8!(7*#$77'!!3*7!)B*#;*8!;*!%*87=C$#*!
#$67*4*!9)!595*47#$67*4*!695!6CA#;*6!7(8<(#*46!=!8*74=4)!$%!
5=;;*#%=4;G$67=)G*7*4Q!5OC95:94*47*4'!3*7!*8!;*85*;!C(4!#$67*4*!H8$!%*87=C$#!
7(8<(#*46Q!MOC95:94*47*4!695!8*)4*6!5*;'!3*7!5?!4*%4*6!$7!;*!
<*%*)*#6*6=4;(6*87*!C8*H7*4*Q!695!<*6C8=%*6!$%!;*!$*89;A4$5=6C!;*8=%*87*Q!=CC*!
:?%=8C*6!$%!;*44*!H98*4C#=4)*4'!
!
@(HH*7=4)15$78=6*4!=!#=)4=4)!+N'MM0!<#=8!;*85*;f!
! Bˆq =
0
0
0
!CL
B !CM
0
"
#
$
$
$
%
&
'
'
'
!! +N'.M0!
!!1.M1!
I*;!?!=44H>8*!%=4;7(8<(#*46*46!$(7916:*C78$#7*77G*7!9)!Y916:*C78(5!695!)=77!=!
C$:=77*#!O',Q!C$4!(778ACC*4*!H98!B9=47!$YY*:7$4Y*!H(4Y7=94!=!#=)4=4)!+N'.S0!6C8=%*6!
(7!H98!$##*!59;*4*!=4C#(;*87!C9<#=4)!5*##95!59;*4*'!
! Jˆ
zz
2 !( ) =
"C
L
V
#
$%
&
'(
2
S
w
!( )
)
z
x
1( ))z x2( )Cˆoww *x,!( )dx1 dx2
L
++
)
z
2
x( )dx
L
+ , )z2 x( )dx
L
+
!! +N'.O0!
! Jˆ!z
2 "( ) = Jˆz!
2 "( ) =
#C
L
$B #C
M
V
2
S
w
"( )
%
z
x
1( )%! x2( )Cˆoww &x,"( )dx1 dx2
L
''
%
z
2
x( )dx
L
' $ %!2 x( )dx
L
'
!!+N'.N0!
! Jˆ!!
2 "( ) =
B #C
M
V
$
%&
'
()
2
S
w
"( )
*! x1( )*! x2( )Cˆoww +x,"( )dx1 dx2
L
,,
*!
2
x( )dx
L
, - *!2 x( )dx
L
,
!! +N'..0!
W##*!*#*5*47*4*!=!5$78=6*4!H98!6:*C78$#7*77G*7*4!7=#!7(8<(#*46#$67*4!*8!4?!
;*H=4*87!9)!8*6:94616:*C78$#7*77G*7*4!C$4!<*8*)4*6!H8$!#=)4=4)!+N'N,0'![98!?!
<*8*)4*!8*6:946*4!7=#!*4!%$#)7!:96=6B94Q!KRQ!)=77!695!H986CA%4=4)*8!9)!897$6B94*8Q!
78$46H985*8*6!6A67*5*7!H8$!59;$#*!H8=G*76)8$;*8!7=#!HA6=6C*!H8=G*76)8$;*8!5*;!
8*#$7=%!H8=G*76)8$;!H98!5$66*;*5:*8*4f!
!
 
rrel xp ,t( ) =
rz xp ,t( )
r! xp ,t( )
"rd t( )
#
$
%
%
%
%
&
'
(
(
(
(
=
)z xp( ) 0 0
0 )! xp( ) 0
0 0 1
#
$
%
%
%
%
&
'
(
(
(
(
*xp
! "#### $####
+z t( )
+! t( )
"+d t( )
#
$
%
%
%
&
'
(
(
(
!! +N'./0!
3*85*;!<#=8!8*6:94616:*C78$#7*77G*7*4!=!HA6=6C*!H8=G*76)8$;*8f!
!
S
r ,xp
x
p
,!( ) = "xpS# !( )"xp
T
= "
xp
Hˆ
* !( )S
Rˆv
!( )HˆT !( )$%
&
'"xp
T
!! +N'.b0!
!
!
!
!
!! 1.O1!
I$8=$46*4!7=#!;A4$5=6C!8*6:946!C$4!%=;*8*!<*8*)4*6!%*;!?!=47*)8*8*!9%*8!G*#*!
H8*C%*46958?;*7f!
!
Cov r, xp
xp( ) = Sr, xp xp ,!( )d!
0
"
#
= $xp Hˆ
* !( )S
Rˆv
!( )HˆT !( )d!
0
"
#
%
&
'
(
)
*$xp
T
!! +N'.c0!
;*8!;*4!6A55*78=6C*!Y9%$8=$4615$78=6*4!=44*G9#;*8!%$8=$46*4!7=#!H8=G*76)8$;*4*!
:?!;=$)94$#*4!9)!Y9%$8=$46*4!5*##95!H8=G*76)8$;*4*!(7*4H98!;=$)94$#*4'!
! Cov r, xp=
! rzrz
2
Covr"rz Covrdrz
* ! r"r"
2
Covrdr"
* * ! rdrd
2
#
$
%
%
%
%
&
'
(
(
(
(
!! +N'.-0!
R%$;8$7897$!$%!%$8=$46*4Q!!
r
i
r
i
Q!*8!67$4;$8;$%%=C*7!7=#!;*4!;A4$5=6C*!8*6:946*4'!
3*77*!*8!*4!67$7=67=6C!67>88*#6*!695!=CC*!*8!*7!;=8*C7*!5?#!:?!8*6:946*4'!3*4!
797$#*!8*6:946*4!<*67?8!$%!67$7=6C!8*6:946!9)!;A4$5=6C!8*6:946'!T$C6=5$#!
8*6:946!H98!*4!)=77!%=4;7=#67$4;Q!C$4!H98(76=*6!%*;!?!<8(C*!H985*#*4f!
!
!
ri, maks = ri + kp !" ri "#$% i = z,# !! +N'/S0!
&*8!*8!AR!*4!79::!H$C798!695!7$8!G*46A4!7=#!;*!67$7=67=6C*!*)*46C$:*4*!7=#!
8*6:946*4!+L78>55*4!MS,S0'!!
!
3*44*!9::)$%*4!H9C(6*8*8!C(4!:?!;*4!;A4$5=6C*!8*6:946*4'!I*;!C8=7=6C*!
%=4;G$67=)G*7*8!<#=8!;*4!67$7=6C*!8*6:946*4!8*#$7=%7!#=7*4!=!H98G9#;!7=#!;A4$5=6C!
8*6:946'!3*4!67$7=6C*!8*6:946*4!C$4!6**6!:?!695!*4!(7)$4)6:96=6B94!H98!;*!
;A4$5=6C*!6%=4)4=4)*4*'!AR%*8!*4!6C$#*8=4)6H$C798!H98!;*4!;A4$5=6C*!8*6:946*4!
9)!67$4;$8;$%%=C*7!<*6C8=%*8!;*85*;!(7%=C#=4)*4!$%!;A4$5=6C!8*6:946!%*;!
>C*4;*!5=;;*#%=4;G$67=)G*7'!2!8*6(#7$7*4*!<8(C*6!;*8H98!67$4;$8;$%%=C*7!695!*7!
5?#!:?!;A4$5=6C!8*6:946Q!6*#%!95!;*7!=CC*!;=8*C7*!<*6C8=%*8!8*6:946%*8;=*4'!!
! !
!!1.N1!
! !
!! 1..1!
!
5 Resultater og diskusjon  
!!
?#$ =(.&'&!
3*7!*8!)B987!<*8*)4=4)*8!:?!*HH*C7*4!$%!*4!5$66*;*5:*8!=467$##*87!:?!79!(#=C*!
<89C94678(C6B94*8'!3*4!*4*!*8!*4!H=C7=%!<89!H8$!*C6*5:*#!/'OQ!6=;*!,ON!=!<9C$Q!
EG*98A!9H!@8=;)*!W*89;A4$5=Y6Q!+L78>55*4!MS,S0'!@89$!G$8!*7!G9%*;6:*44!:?!
.SS!5!9)!;*!$*89;A4$5=6C*!*)*46C$:*4*!7=#!<89$!7$8!(7)$4)6:(4C7!=!;*!C%$6=1
67$7=6C*!$*89;A4$5=6C!;*8=%*87*'!3*4!$4;8*!<89$!*8!&$8;$4)*8<89$Q!*4!G*4)*<89!
5*;!,O,S!5!#$4)7!G9%*;6:*44!+D98)*6!#*4)67*0'!&$8;$4)*8<89$!*8!%*#;=)!6#$4C!
+<8*;;*!=!H98G9#;!7=#!#*4);*0!6$55*4#=)4*7!5*;!7=;#=)*8*!C94678(*87*!<89*8'!3*!
$*89;A4$5=6C*!*)*46C$:*4*!%$8!;*8H98!#$)7!6798!%*C7!:?!=!;*6=)4!9)!
:896B*C7*8=4)!$%!<89$!9)!;*!$*89;A4$5=6C!;*8=%*87*!*8!<*67*57!(7!H8$!
%=4;7(44*#H986>C'!D>;%*4;=)*!C94678(C6B946*)*46C$:*8!*8!)B*4)=77!=!E$<*##!.1,!
9)!E$<*##!.1M!4*;*4H98!5*;!7=#G>8*4;*!*)*46%=4)*H985*8!%=67!=![=)(8!.1,!9)![=)(8!
.1M'!
!
!
7)0+88%CO:P%G",12#5A1E",1+-+,1A)R+#%B"#%B4A24H%0#"&%X(2#Q**+,%;W:WN%
a%
+50!
T%
+50!
*J%
+C)o50%
*b%
+C)5Mo50%
cJ%%
+8$;o60!
cb%%
+8$;o60!
dJ% db%
.SS! MS! ,SN! /$,S.! S'c! M'S! S'SS.! S'SS.!
!
!
7)0+88%CO;P%G",12#5A1E",1+-+,1A)R+#%B"#%Z)#$),-+#0#")&%X(2#Q**+,%;WWIN%
a%
+50!
T%
+50!
*J%
+C)o50%
*b%
+C)5Mo50%
cJ%%
+8$;o60!
cb%%
+8$;o60!
dJ% db%
,O,S! ,c'O! ,S-SS! MMN,/S! S'c-! M'MO! S'SS.! S'SS.!
!
!!1./1!
!
!4-5#%CO:P%[-+,1H4,-+B"#*+#%B"#%B4A24H%0#"&%m8)11+#4,-%)H%*)11+$+*R+#%+#%H412&%
!
!
!
!4-5#%CO;P%[-+,1H4,-+B"#*+#%B"#%Z)#$),-+#0#")&%m8)11+#4,-%)H%*)11+$+*R+#%+#%H412&%
!
p$67C9*HH=6=*47*8!9)!:$8$5*7*8*!H98!%=4;7(8<(#*46!*8!9::6(55*87!=!7$<*##*4*!
4*;*4H98!9)!7(8<(#*46*46!$(7916:*C78$#7*77G*7!*8!%=67!=![=)(8!.1O'![=)(8*4!%=6*8!$7!
*4!#*4)8*!C$8$C7*8=67=6C!#*4);*!+&$8;$4)*8<89$0!)=8!5*8!7(8<(#*46!:?!;*!#$%*8*!
H8*C%*46*4*'!3*77*!*8!9::#$)7!H98;=!*4!67>88*!(7<8*;*#6*!$%!7(8<(#*46*4!
+%=4;C(#*4*0!)=8!78*)*8*!%$8=$6B94!=!;*4!595*47$4*!%=4;G$67=)G*7*4!+#*4)8*!7=;!
5*##95!G%*87!%=4;G$67=)G*765$C6=5(50!9)!;*85*;!*4!#*4)8*!:*8=9;*Q!695!*8!
;*7!6$55*!695!#$%*8*!H8*C%*46'!e916:*C78(5*7!*8!7=#4J85*7!#=C7!H98!;*!79!
<89*C6*5:#*4*!695!%=67!=![=)(8!.1N'!
!
!
!
!
!
!
0 0.25 0.5 0.75 1
−1
0
1
Redusert lengdekoordinat, x/L
 
 
φ
z
(x/L)
φθ(x/L)
TMD
0 0.25 0.5 0.75 1
−1
0
1
Redusert lengdekoordinat, x/L
 
 
φ
z
(x/L)
φθ(x/L)
TMD
!! 1.b1!
7)0+88%CO>P%a)12A+BB414+,2+#%"-%25#058+,1R)#)*+2#+%B"#%B4A24H%0#"&%X(2#Q**+,%;W:WN%
!luft !!
+C)o5O0!
!C
M
% !C
L
! /M% x f Lw !
+50!!
'M% cw, y f !!
,'M.! ,'.! .'S! ,'.! ,O'.! S'Sc! ,'S!
!
!
7)0+88%CO?P%a)12A"+B414+,2+#%"-%25#058+,1R)#)*+2#+%B"#%Z)#$),-+#0#")&%X(2#Q**+,%;WWIN%
!luft !!
+C)o5O0!
!C
M
% !C
L
! /M% x f Lw !
+50!!
'M% cw, y f !!
,'M.! S'bb! M'N! ,'.! M.! S'Sb! S'-!
!
!
!
!4-5#%CO>P%/52"O1R+A2#)82+22]+2%B"#%25#058+,1A"*R",+,2%M&%a"-)#42*41A%1A)8)%R\%)A1+,+&%
c`:WO;%#)$n1%2481H)#+#%+,%R+#4"$+%R\%:W%*4,L%*+,1%c`:WW%#)$n1%2481H)#+#%F&>%1%"-%c`:W;%
#)$n1%2481H)#+#%W&WF%1&%
!
!
!4-5#%CO?P%f"O1R+A2#5*%B"#%25#058+,1A"*R",+,2%M&%a"-)#42*41A%1A)8)%R\%)013411+,&%
10−2 10−1 100 101 102
10−3
10−2
10−1
100
101
ω [rad/s]
S w
(ω
)
 
 
V=30 m/s
Hardangerbrua
Fiktiv bro
10−2 10−1 100 101 102
0
0.2
0.4
0.6
0.8
1
ω [rad/s]
N
or
m
al
is
er
t C
o−
sp
ek
tru
m
10 m100 m500 m
V=30 m/s
← ∆x
!!1.c1!
!
!4-5#%COCP%/+#"$9,)*41A%$+#4H+#2+%B"#%Z)#$),-+#0#")%"-%$+,%B4A24H+%0#")&%
3*!$*89;A4$5=6C!;*8=%*87*!H98!<*))*!<89*4*!*8!%=67!=![=)(8!.1.'![98!
&$8;$4)*8<89$!*8!%*8;=*4*!9::)=77!=!<*8*)4=4)68$::987*4!$%!L78>55*4!+MSSc0Q!
<$6*87!:?!%=4;7(44*#H986>C!$%!&$46*4!+MSS/0'![98!;*4!H=C7=%*!<89$!*8!;*!C%$6=1
67$7=6C*!%*8;=*4*!H8$!<(HH*7=4)17*98=*4!<*4A77*7!<9876*77!H8$!%*8;=*4!H98! A
2
* Q!695!
)=8!<*%*)*#6*6=4;(6*87!;*5:4=4)!=!7986B94Q!G%98!;*7!*8!%$#)7! A
2
*
= !0.2 " #C
M
Vˆ '!3*!
4985$#=6*87*!C%$6=167$7=6C*!$*89;A4$5=6C!;*8=%*87*!<8(C7!H98!;*4!H=C7=%*!<89$!
<#=8!;*85*;f!
!
!
H
1
*
H
2
*
H
3
*
H
4
*
!
"
#
#
#
#
#
$
%
&
&
&
&
&
= 'C
L
(Vˆ
0
Vˆ
2
0
!
"
#
#
#
#
#
$
%
&
&
&
&
&
"#
A
1
*
A
2
*
A
3
*
A
4
*
!
"
#
#
#
#
#
$
%
&
&
&
&
&
= 'C
M
(Vˆ
(0.2 )Vˆ 2
Vˆ
2
0
!
"
#
#
#
#
#
$
%
&
&
&
&
&
$%& Vˆ =V B*
i
!! +.',0!
!
!
0 1 2 3
−10
−5
0
H 1*
0 1 2 3
−0.5
0
0.5
H 2*
0 1 2 3
0
20
40
H 3*
0 1 2 3
−2
−1
0
H 4*
V/(Bω
z
(V))
0 1 2 3
−4
−2
0
A 1*
0 1 2 3
−2
−1
0
A 2*
0 1 2 3
0
5
10
A 3*
0 1 2 3
−0.5
0
0.5
A 4*
V/(Bωθ(V))
 
 
Hardangerbrua
Fiktiv bro
!! 1.-1!
!
!4-5#%COFP%(2),$)#$)HH4A%)H%$9,)*41A%#+1R",1%XH+#24A)8%B"#1A9H,4,-%"-%#"2)1E",N%B"#%
*4$2R5,A2+2%248%B4A24H%0#"&%
!
!
!4-5#%CO=P%(2),$)#$)HH4A%)H%$9,)*41A%#+1R",1%XH+#24A)8%B"#1A9H,4,-%"-%#"2)1E",N%B"#%
*4$2R5,A2+2%248%Z)#$),-+#0#")&%
!
3*4!;A4$5=6C*!8*6:946*4!7=#!<89*4*!C$4!H8$567=##*6!=!*4!)8$H!5*;!
5=;;*#%=4;G$67=)G*7*4!695!%$8=$<*#!#$4)6!$<6Y=66*4'!3*77*!*8!%=67!=![=)(8!.1/!9)!
[=)(8!.1b!4*;*4H98'!R8=7=6C!%=4;G$67=)G*7!#*6*6!$%!$<6Y=66*4!;*8!G%98!8*6:946*4!
>C*8!597!(*4;*#=)'!3*7!*8!=CC*!=4C#(;*87!5$66*;*5:*8*!9)!;*4!;A4$5=6C*!
8*6:946*4!5*;!C8=7=6C!%=4;G$67=)G*7!<*4A77*6!%=;*8*!695!*4!8*H*8$46*67>88*#6*!
H98!?!6*!G%98!*HH*C7=%!*4!5$66*;*5:*8!*8'!!
!
!
20 25 30 35 40 45 50
0
0.5
1
1.5
2
2.5
3
Middelvindhastighet, V [m/s]
1
0
!"
#
 [
ra
d
],
  
 "
z
 [
m
]
 
 
V
cr
= 47.6 m/s
Rotasjon, r
#
Forskyvning, r
z
20 30 40 50 60 70
0
1
2
3
4
5
Middelvindhastighet, V [m/s]
10
⋅
σ
θ 
[ra
d],
   σ
z 
[m
]
 
 
V
cr
= 73 m/s
Rotasjon, rθ
Forskyvning, r
z
!!1/S1!
Z*6:946*4!<*8*)4*7!H98!;*4!H=C7=%*!<89$!6$56%$8*8!)9;7!5*;!<*8*)4=4)*4*!=!
<9C$!7=#!L78>55*4!+MS,S0'![98!&$8;$4)*8<89$!*8!<*8*)4*7!8*6:946!=!;*44*!
9::)$%*4!<*7A;*#=)!G>A*8*!*44!<*8*)4=4)*4*!H8$!:896B*C7*8=4)68$::987*4!
+L78>55*4!MSSc0'!3*4!C8=7=6C*!%=4;G$67=)G*7*4!6$56%$8*8!#=C*%*#!)9;7!9)!;*7!
$47$6!;*8H98!$7!(9%*8*4667*55*#6*4!H98!8*6:946*4!=CC*!:?%=8C*8!*HH*C7=%=7*7*4!
7=#!*4!5$66*;*5:*8'!Z*)4*:89)8$55*7!<#*!(7%=C#*7!5*;!<*8*)4=4)*8!*77*8!
*C6*5:*#*7!7=#!L78>55*4!+MS,S0'!3*7!%$8!;*85*;!*4!9%*88$6C*#6*!$7!8*6:946*4!
=CC*!67*57*!<*;8*!H98!&$8;$4)*8<89$'!V?!)8(44!$%!7=;6:#$4*4!7=#!:896B*C7*7!<#*!
;*7!=CC*!:8=98=7*87!?!H=44*!*%*47(*##*!H*=#!=!8*)4*:89)8$55*7'!3*7!%$8!G*##*8!=CC*!
4>;%*4;=)!H98!?!%=6*!*HH*C7*4!$%!*4!5$66*;*5:*8'!!
!
!
!
?#" 9*--&/&6:&(&'-!&00&4+!:;!*&(./5'*61-4!-+*@1)1+&+!
I*;!?!=44H>8*!*4!5$66*;*5:*8!=!<*8*)4=4)*4!%=#!;*4!(67$<=#*!8*6:946*4!9::78*!
%*;!*4!G>A*8*!5=;;*#%=4;G$67=)G*7'!3*77*!*8!%=67!H98!H=C7=%!<89!=![=)(8!.1c!9)!H98!
&$8;$4)*8<89$!=![=)(8!.1,M'!3*4!6%$87*!#=4B*4!%=6*8!8*6:946*4!(7*4!
5$66*;*5:*8Q!5*46!;*!H$8)*;*!%=6*8!8*6:946*4!H98!H986CB*##=)*!67>88*#6*8!:?!
5$66*;*5:*8*4'!m1%*8;=*4!7=#6%$8*8!H98G9#;*7!5*##95!5$66*4!7=#!
5$66*;*5:*8*4!9)!;*4!59;$#*!5$66*4!7=#!897$6B946H8=G*76)8$;*4Q!
 
µ = M
d
!M
!
Q!
G%98!
 
!M! = "!
2
x( )m! x( )dx
L
# '![98!<*))*!*C6*5:*#<89*4*!%=#!59;$#!5$66*!%J8*!
7=#4J85*7!#=CQ!
 !
!M
!
"150 #10
6 "# #$2 '!3*5:=4)6:$8$5*7*8*4!7=#!5$66*;*5:*8*4Q!
d$%L!*8!%$#)7!*77*8!9:7=5$#=6*8=4)6H985*#*4!*77*8!3*4!&$879)!+,-./0f!!
! !
d
=
3µ 8
1+ µ( )
3
! +.'M0!
3*7!*8!)8(44!7=#!?!$47$!$7!;*5:4=4)6:$8$5*7*8*4!=CC*!:?%=8C*8!5$66*;*5:*8*46!
=44%=8C4=4)!:?!C8=7=6C!%=4;G$67=)G*7!=!6798!)8$;'!3*7!*8!;*8H98!%$#)7!?!=CC*!
=4C#(;*8*!;*44*!=!:?H>#)*4;*!:$8$5*7*8%$8=$6B94'!K)*4H8*C%*46*4!7=#!
5$66*;*5:*8*4Q!c$L!*8!%$#)7!7=#!,'/!8$;o6'!3*7!7=#6%$8*8!8*6:946H8*C%*46*4!695!
<89$!G$8!%*;!67$<=#=7*76)8*46*4'![98!?!<*67*55*!9:7=5$#!5$66*!9)!*)*4H8*C%*46!
7=#!5$66*;*5:*8*4!*8!;*7!(7H>87!*7!:$8$5*7*867(;=*!G%98!5$66*!9)!*)*4H8*C%*46!
*8!%$8=*87'![>867!:8*6*47*8*6!49*4!*)*46C$:*8!%*;!5$66*;*5:*8*46!%=8C4=4)!:?!
C8=7=6C!%=4;G$67=)G*7!%*;!?!7$!(7)$4)6:(4C7!=!;*4!H=C7=%*!<89$!5*;!5$66*;*5:*8'!
!
!! 1/,1!
!
!4-5#%COIP%(2),$)#$)HH4A%)H%$9,)*41A%#+1R",1%X#"2)1E",N%B"#%*4$2R5,A2%R\%B4A24H%0#"%*+$%
*)11+$+*R+#&%%
3*7!*8!7A;*#=)!$7!*4!5$66*;*5:*8!G$8!6798!=44%=8C4=4)!:?!;*4!C8=7=6C*!
%=4;G$67=)G*7*4Q!9)!*4!67>88*!5$66*;*5:*8!%=#!G$!67>88*!*HH*C7!*44!*4!5=4;8*!
5$66*;*5:*8'![=)(8!.1c!%=6*8!$7!*4!>C4=4)!$%!;*4!C8=7=6C*!%=4;G$67=)G*7*4!:?!Y$'!
,S!u!*8!5(#=)!4?8!mnS'SS.'!3*4!8>;*!#=4B*4!+mnS'SS,0!G$8!*4!$44*8#*;*6!H985!
*44!;*!79!$4;8*'!3*77*!C955*8!$%!$7!5$66*;*5:*8*4!<$8*!*8!*HH*C7=%!=!*7!65$#7!
H8*C%*46958?;*'!I=8C4=4)*4!7=#!5$66*;*5:*8*4!!*8!67>867!4?8!
8*6:946H8*C%*46*4!*8!4J8!*)*4H8*C%*46*4!7=#!5$66*;*5:*8*4'!3*7!6CB*8!4?8!
5=;;*#%=4;G$67=)G*7*4!*8!8(4;7!N-!5o6Q!7*77!9::!7=#!C8=7=6C!%=4;G$67=)G*7!695!*8!
.S'N!5o6'!I*;!#$%*8*!5=;;*#%=4;G$67=)G*7*8Q!8(4;7!N.!5o6Q!+G>A*8*!
8*6:946H8*C%*460!*8!=CC*!%=8C4=4)*4!7=#!5$66*;*5:*8*4!#=C*!6798'!3*77*!6**6!%*;!
$7!8*6:946*4!>C*8!5*8!+G>A*8*!67=)4=4)0'!3*44*!*HH*C7*4!C955*8!$%!$7!
*)*4H8*C%*46*4*!7=#!6A67*5*7!*4;8*8!6*)!5*;!5=;;*#%=4;G$67=)G*7*4'!
T$66*;*5:*8*46!*)*4H8*C%*46!5?!;*85*;!78*HH*!6A67*5*76!*)*4H8*C%*46!%*;!*4!
9:7=5$#!5=;;*#%=4;G$67=)G*7'!!
!
[=)(8!.1-Q![=)(8!.1,S!9)![=)(8!.1,,!%=6*8!G%98;$4!H8*C%*4618*6:9461H(4C6B94*4!
(7%=C#*8!6*)!%*;!>C*4;*!5=;;*#%=4;G$67=)G*7'!3*7!*8!7A;*#=)!$7!5$66*;*5:*8*4!
=44H>8*8!;*5:4=4)!=!6A67*5*7!+79::*4*!<#=8!#$%*8*0!9)!;*4!C8=7=6C*!
%=4;G$67=)G*7*4!6CA%*6!9::9%*8'!3*5:4=4)*4!*8!<*)8*46*7!7=#!H8*C%*46*4*!8(4;7!
*)*4H8*C%*46*4!7=#!5$66*;*5:*8*4Q!,'/!8$;o6'![98!;*4!67>88*!5$66*;*5:*8*4!
+mnS'SS.0!<#=8!79::*4*!A77*8#=)*8*!;*5:*7!4*;!9)!;*5:*8*4!*8!%=8C695!=!*7!
<8*;*8*!H8*C%*46958?;*'!3*77*!*8!6A4#=)!=!H=)(8*4!G%98!;*5:4=4)*4!9)6?!*8!
7A;*#=)!%*;!O.!5o6!9)!M.!5o6'!!
!
30 35 40 45 50
0
0.05
0.1
0.15
0.2
0.25
Middelvindhastighet, V [m/s]
!
"
 [
ra
d
]
 
 
#
d
=1.6 rad/s
µ =0
µ =0.001
µ =0.005
!!1/M1!
!
!4-5#%COVP%!#+AH+,1O#+1R",1OB5,A1E",%B"#%#"2)1E",1B#4]+21-#)$+,&%!4A24H%0#"%52+,%
*)11+$+*R+#&%.3#%`?=&F%*n1&%
!
!
!4-5#%CO:WP%!#+AH+,1O#+1R",1OB5,A1E",%B"#%#"2)1E",1B#4]+21-#)$&%!4A24H%0#"%*+$%
*)11+$+*R+#&%@+*R,4,-+,%+#%29$+84-%H+$%.`?V&?%*n1&%.3#%`CW&?%*n1&%
!
!
!4-5#%CO::P%!#+AH+,1O#+1R",1OB5,A1E",%B"#%#"2)1E",1B#4]+21-#)$&%!4A24H%0#"%*+$%12Q##+%
*)11+$+*R+#&%_)A14*)8%$+*R,4,-%H+$%.`?I&?%*n1%X124R8+2%84,E+N&%.3#%`C:&I%*n1&%
!
1.4 1.6 1.8 2 2.2
10
0
10
1
10
2
10
3
10
4
! [rad/s]
|H
"
"
(!
)|
V=47.6
V=45
V=41 V=35 V=25
V=0  [m/s]
µ=0
!
d
=1.6
1.4 1.6 1.8 2 2.2
100
101
102
103
104
ω [rad/s]
|H θ
θ(ω
)|
V=50.4
V=49.4 V=43 V=35 V=25 V=0  [m/s]
µ=0.001
ωd=1.6
1.4 1.6 1.8 2 2.2
100
101
102
103
104
ω [rad/s]
|H θ
θ(ω
)|
V=51.8
V=50
V=48.4
V=45 V=35 V=25 V=0  [m/s]
µ=0.005
ωd=1.6
!! 1/O1!
!
!4-5#%CO:;P%(2),$)#$)HH4A+2%)H%$9,)*41A%#+1R",1%X#"2)1E",N%B"#%*4$2R5,A2%)H%
Z)#$),-+#0#")%*+$%+,%*)11+$+*R+#&%
K4!5$66*;*5:*8!5947*87!:?!&$8;$4)*8<89$!)=8!*4!5A*!5=4;8*!*HH*C7!:?!
8*6:946*4!9)!;*4!C8=7=6C*!%=4;G$67=)G*7*4Q!6$55*4#=)4*7!5*;!;*4!H=C7=%*!<89$'!
[=)(8!.1,M!%=6*8!$7!*4!5$66*;*5:*8!5*;!mnS'S,S!+;*7!;9<<*#7*!$%!
5$66*;*5:*8*4!<8(C7!:?!;*4!H=C7=%*!<89$0!)=8!*4!>C4=4)!$%!C8=7=6C!%=4;G$67=)G*7!
:?!Y$'!,'.!5o6'!3*7!7=#6%$8*8!Mu!>C4=4)!$%!C8=7=6C!%=4;G$67=)G*7'!3*7!*8!=CC*!
H$67#$)7!G%98H98!;*7!*8!6?!6798!H986CB*##!:?!5$66*;*5:*8*46!%=8C4=4)*4!H98!;*!79!
<89*C6*5:#*4*'!U*4*8*#7!C$4!;*7!6=*6!$7!<897%*8864=77*7!7=#!&$8;$4)*8<89$!*8!
;*6=)4*7!H98!?!)=!*4!5*67!5(#=)!)(467=)!8*6:946(7%=C#=4)!%*;!>C*4;*!
5=;;*#%=4;G$67=)G*7*8'!3*4!H=C7=%*!<89$Q!G%98!;*!$*89;A4$5=6C*!*)*46C$:*4*!*8!
<*67*57!(7!H8$!;*!C%$6=167$7=6C*!$*89;A4$5=6C!;*8=%*87*Q!G$8!7=#!6$55*4#=)4=4)!
*7!()(467=)!7%*8864=77'!I*;!?!<*4A77*!;*!C%$6=167$7=6C*!$*89;A4$5=6C!;*8=%*87*!:?!
&$8;$4)*8<89$Q!*8!;*7!(4;*86>C7!95!;*!$*89;A4$5=6C*!C8*H7*4*!:?%=8C*8!
5$66*;*5:*8*46!*HH*C7'!Z*#$7=%!>C4=4)*4!$%!C8=7=6C!%=4;G$67=)G*7!%$8!
7=#6%$8*4;*!695!H98!;*!%=8C*#=)*!$*89;A4$5=6C!;*8=%*87*'!3*!$*89;A4$5=6C*!
*)*46C$:*4*!7=#!7%*8864=77*7!C$4!;*8H98!(7*#(CC*6!695!H98C#$8=4)!:?!H986CB*##*4'!!
!
Z*6(#7$7*4*!9%*8!%=6*8!$7!;*7!*8!H#*8*!H$C798*8!695!:?%=8C*8!G%98!*HH*C7=%7!*4!
5$66*;*5:*8!C$4!>C*!C8=7=6C!%=4;G$67=)G*7'!2!7=##*))!7=#!67>88*#6*4!:?!
5$66*;*5:*8*4!%=#!9)6?!*)*4H8*C%*46*4!7=#!5$66*;*5:*8*4!G$!6798!=44%=8C4=4)'!
I*#)*6!*)*4H8*C%*46*4!H98!G>AQ!%=#!=CC*!5$66*;*5:*8*4!#*4)*8!G$!49*4!*HH*C7!
4?8!5=;;*#%=4;G$67=)G*7*4!>C*6!7=#!C8=7=6C!%=4;G$67=)G*7'!I*#)*6!;*4!H98!#$%Q!%=#!
=CC*!5$66*;*5:*8*4!G$!49*4!*HH*C7!H>8!C8=7=6C!%=4;G$67=)G*7!=4478*HH*8Q!9)!
;*85*;!=CC*!G$!49*4!*HH*C7!=!;*7!G*#*!7$77'!
!
50 55 60 65 70 75
0
0.05
0.1
0.15
0.2
0.25
Middelvindhastighet, V [m/s]
!
"
 [
ra
d
]
 
 
#
d
=1.1 rad/s
µ = 0, V
cr
= 73
µ = 0.005, V
cr
= 74.3
µ = 0.01, V
cr
= 74.6
!!1/N1!
I*;!?!%$8=*8*!67>88*#6*4*!H98!o%9)%c$!=!*4!:$8$5*7*867(;=*Q!%=#!;*7!%J8*!5(#=)!?!6*!
G%=#C*!%*8;=*8!695!)=8!67>867!*HH*C7'!KHH*C7*4!5?#*6!%*;!?!6*!G%98!5$4)*!:896*47!
;*4!C8=7=6C*!%=4;G$67=)G*7*4!>C*8!4?8!*4!5$66*;*5:*8!=44H>8*6'!V896*477$##*7!*8!
)=77!%*;f!
! !
TMD
=
V
cr
µ=0
"V
cr
TMD
V
cr
µ=0
#100 !! +.'O0!
G%98!V
cr
TMD !9)!V
cr
µ=0 !*8!G*4G9#;6%=6!C8=7=6C!%=4;G$67=)G*7!H98!<89$!5*;!
5$66*;*5:*8!9)!(7*4!5$66*;*5:*8'!!
!
I*;!?!<*8*)4*!:896*47%=6!>C4=4)!$%!C8=7=6C!%=4;G$67=)G*7Q!p7_@L%H98!H986CB*##=)*!
%*8;=*8!$%!o!9)!c$Q!C$4!*4!O1;=5*46B94$#!)8$H!695!%=67!=![=)(8!.1,O!9)![=)(8!.1,N!
<*4A77*6!H98!?!H=44*!;*4!9:7=5$#*!C95<=4$6B94*4!$%!:$8$5*7*84*'![=)(8*4*!%=6*8!
$7!;*7!*8!5(#=)!?!>C*!C8=7=6C!%=4;G$67=)G*7!5*;!9::7=#!,/'.u!H98!;*4!H=C7=%*!<89$!
9)!M'bNu!H98!&$8;$4)*8<89$'!3*4!:896*47%=6!>C4=4)*4!$%!C8=7=6C!%=4;G$67=)G*7!
*8!67>88*!%*;!>C*4;*!7A4);*!:?!5$66*;*5:*8*4'!L$57=;=)!*8!;*44*!7*4;*46*4!
$%7$)*4;*!%*;!>C*4;*!m1%*8;=*8Q!9)!%*;!*4!%=66!7A4);*!)=8!;*7!=CC*!*HH*C7!?!>C*!m!
5*8'!
!
[98!;*4!H=C7=%*!<89$!*8!;*7!7A;*#=)!$7!>C*4;*!7A4);*!:?!5$66*;*5:*8*4!)=8!*4!
9:7=5$#!*)*4H8*C%*46!695!*8!#$%*8*'!3*77*!*8!=!5=4;8*!)8$;!7A;*#=)!H98!
&$8;$4)*8<89$'!3*44*!6$55*4G*4)*4!C955*8!$%!$7!8*6:946H8*C%*46*4!*4;8*6!
%*;!>C*4;*!5=;;*#%=4;G$67=)G*7Q!9)!$7!5$66*;*5:*8*46!*%4*!7=#!?!>C*!C8=7=6C!
G$67=)G*7!H>867!9)!H8*567!*8!$%G*4)=)!$%!$7!*)*4H8*C%*46*4!7=#!5$66*;*5:*8*4!*8!
5*)*7!4J8!8*6:946H8*C%*46*4!%*;!7=#G>8*4;*!C8=7=6C!%=4;G$67=)G*7!+H98!
C94678(C6B94*4!5*;!5$66*;*5:*8*40'!L$57=;=)!5?!5$66*;*5:*8*4!C(44*!)=!
7=#678*CC*#=)!;*5:4=4)!9%*8!H8*C%*46*4*!9::!7=#!8*6:946H8*C%*46*4!%*;!7=;#=)*8*!
C8=7=6C!%=4;G$67=)G*7!+H98!C94678(C6B94*4!(7*4!5$66*;*5:*8*40'!K4!7A4)8*!
5$66*;*5:*8!%=#!G$!;*5:4=4)6*HH*C7!9%*8!*7!67>88*!H8*C%*46958?;*!9)!;*85*;!
C(44*!)=!;*4!7=#678*CC*#=)*!;*5:4=4)*4!9%*8!*7!7=#6%$8*4;*!67>88*!
H8*C%*46958?;*'![98!&$8;$4)*8<89$!>C*6!=CC*!C8=7=6C!%=4;G$67=)G*7!#=C*!5A*!9)!
8*6:946H8*C%*46*4!*4;8*6!;*85*;!=CC*!#=C*!5A*!695!H98!;*4!H=C7=%*!<89$'!3*8H98!
*8!=CC*!6$55*4G*4)*4!5*##95!>C*4;*!m1%*8;=*8!9)!5=4C*4;*!9:7=5$#*!l;1
%*8;=*8!#=C*!7A;*#=)'!
!
!! 1/.1!
!
!4-5#%CO:>P%_)11+$+*R+#+,1%R#"1+,2H41+%QA,4,-%)H%A#4241A%H4,$])124-]+2%H+$%
R)#)*+2+#H)#4)1E",%)H%c$%%"-%o%B"#%B4A24H%0#"&%o%+#%WL%W&WW:L%W&WW;%W&WW>L%W&WW?L%W&WWCL%W&WW=%
"-%W&W:&%
!
!4-5#%CO:?P%_)11+$+*R+#+,1%R#"1+,2H41+%QA,4,-%)H%A#4241A%H4,$])124-]+2%H+$%
R)#)*+2+#H)#4)1E",%)H%c$%"-%o%B"#%Z)#$),-+#0#")&%
1.4
1.5
1.6
1.7
0
0.002
0.004
0.006
0.008
0.01
0
5
10
15
Parameter: µ [!]
Parameter: !
d
 [rad/s]
"
T
M
D
 [
%
]
0.9
1
1.1
1.2
1.3
1.4 0
0.005
0.01
0.015
0.02
0
0.5
1
1.5
2
2.5
3
Parameter: µ [!]
Parameter: !
d
 [rad/s]
"
T
M
D
 [
%
]
!!1//1!
!
EA4);*4!7=#!5$66*;*5:*8*4!%=#!%J8*!<*)8*46*7!$%!;*!HA6=6C*!67>88*#6*4*!7=#!
<89<$4*4!9)!5$66*;*5:*8*46!C94678(C6B9465?7*'!K7!9%*86#$)!%=6*8!$7!5$C6=5$#!
7A4);*!%=#!%J8*!5*##95!mnS'SS.!9)!mnS'S,'!T$66*;*5:*84*!695!)=8!G>A*67!
:896*47%=6!>C4=4)!$%!C8=7=6C!%=4;G$67=)G*7!=![=)(8!.1,O!9)![=)(8!.1,N!*8!;*8H98!
H98!6798*'!I*;!?!6*!4J85*8*!:?!5$66*;*5:*8*4!:?!;*4!H=C7=%*!<89$!5*;!
*)*4H8*C%*46!,'..!8$;o6!9)!5$66*;*5:*8*4!:?!&$8;$4)*8<89$!5*;!
*)*4H8*C%*46!,',S!8$;o6!C$4!;*7!<*67*55*6!G%98!7(4)*!5$66*;*5:*84*!78*4)*8!
?!%J8*!H98!?!>C*!C8=7=6C!%=4;G$67=)G*7!9:7=5$#7'!3*77*!*8!%=67!=![=)(8!.1,.!H98!H=C7=%!
<89!9)![=)(8!.1,/!H98!&$8;$4)*8<89$'!!
!
[98!;*4!H=C7=%*!<89$!%=#!*4!9:7=5$#!7A4);*!:?!5$66*;*5:*8*4!%J8*!mnS'SSOQ!
5*46!H98!&$8;$4)*8<89$!%=#!9:7=5$#!7A4);*!%J8*!)=77!%*;!mnS'SS.'!3*7!*8!7A;*#=)!
$7!:896*47%=6!>C4=4)!$%!C8=7=6C!%=4;G$67=)G*7!H#$7*8!(7!%*;!>C*4;*!7A4);*!:?!
5$66*;*5:*8*4'![98!;*4!H=C7=%*!<89$!*8!;*7!*7!7A;*#=)!C4*CC:(4C7!%*;!mnS'SSOQ!
9)!;*7!)=8!;*8H98!#=7*4!*HH*C7!?!>C*!5$66*4!7=#!5$66*;*5:*8*4!A77*8#=)*8*'![98!
&$8;$4)*8<89$!*8!;*7!=CC*!#=C*!7A;*#=)!(7H#$7=4)Q!5*4!%*;!m1%*8;=*8!8(4;7!S'SS.Q!
G$8!A77*8#=)*8*!>C4=4)!$%!5$66*4!5=4;8*!*HH*C7'!3*!%$#)7*!9:7=5$#*!:$8$5*7*84*!
7=#!5$66*;*5:*84*!5*;!8*6(#7$7*8!*8!9::6(55*87!=!E$<*##!.1.'!!!
!
!
7)0+88%COCP%qRR15**+#4,-%)H%"R24*)8+%R)#)*+2+#+%B"#%*)11+$+*R+#+,1%R\H4#A,4,-%R\%
A#4241A%*4$$+8H4,$])124-]+2&%
!
!
µ !!
z1{!
!
d
!
z8$;o6{!
V
cr
µ=0 !
!z5o6{!
V
cr
TMD !!
z5o6{!
!V
cr
!
z5o6{!
!
TMD
!
zu{!
[=C7=%!<89! S'SSO! ,'..! Nb'/! .M'c! .'M! ,S'-!
&$8;$4)*8<89$! S'SS.! ,',S! bO'S! bN'O! ,'O! ,'c!
!
!
!
!
!! 1/b1!
!
!4-5#%CO:CP%[BB+A24H42+2+,%)H%*)11+$+*R+#%R\%B4A24H%0#"%*+$%+-+,B#+AH+,1L%c$%`:&CC%#)$n1L%
B"#%584A+%H+#$4+#%)H%o&%G,+AAR5,A2+2%+#%H+$%o`W&WW>&%
!
!
!
!
!4-5#%CO:FP%[BB+A24H42+2+,%)H%*)11+$+*R+#%R\%Z)#$),-+#0#")%*+$%+-+,B#+AH+,1L%c$%`:&:%
#)$n1L%B"#%584A+%H+#$4+#%)H%o&%[BB+A2+,%)H%+,%29,-#+%*)11+$+*R+#%)H2)#%+22+#%o`W&WWC&%
!
!
!
!
!
!
!
!
!
0 0.002 0.004 0.006 0.008 0.01
0
5
10
15
!
d
=1.55
Parameter: µ [!]
"
T
M
D
 [
%
]
0 0.005 0.01 0.015 0.02
0
0.5
1
1.5
2
2.5
3
ωd=1.1
Parameter: µ [−]
η T
M
D 
[%
]
!!1/c1!
?#8 A,&'0(&43&'-&'-!-&'-1+131+&+!
[98!<*))*!<89*C6*5:#*4*!*8!;*7!7A;*#=)!$7!*4!#=7*4!*4;8=4)!=!*)*4H8*C%*46*4!
+|S'S.!8$;o60!)=8!*4!6798!8*;(C6B94!=!*HH*C7=%=7*7*4!7=#!5$66*;*5:*8*4!+6*![=)(8!
.1,.!9)![=)(8!.1,/0'!L:*6=*#7!*8!;*77*!7A;*#=)!H98!;*!#$%*8*!%*8;=*4*!$%!o!9)!=!
67>88*!)8$;!H98!&$8;$4)*8<89$!*44!;*4!H=C7=%*!<89$'!3*7!*8!;*8H98!%=C7=)!$7!
*)*4H8*C%*46*4!7=#!5$66*;*5:*8*4!78*HH*8!;*4!9:7=5$#*!%*8;=*4'!h46C*7!
*)*4H8*C%*46!C$4!9::4?6!%*;!?!H=4B(67*8*!67=%G*7!9)!5$66*!*77*8!$7!
5$66*;*5:*8*4!*8!=467$##*87'!3*7!*8!;*8=597!%$46C*#=)*8*!?!H98(76=!
8*6:946H8*C%*46*4!7=#!C94678(C6B94*4!%*;!C8=7=6C!G$67=)G*7'!
!
247*8$C6B94*4!5*##95!%=4;H*#7*7!9)!C94678(C6B94*4!9)!67A8C*4!:?!;*!
<*%*)*#6*6=4;(6*87*!C8*H7*4*Q!<*67*55*8!G%98;$4!*)*4H8*C%*46*4*!*4;8*8!6*)!
%*;!>C*4;*!5=;;*#%=4;G$67=)G*7'!3*7!*8!;*!$*89;A4$5=6C!;*8=%*87*!695!
<*6C8=%*8!;*!<*%*)*#6*6=4;(6*87*!C8*H7*4*!9)!6?#*;*6!*4;8=4)*4!7=#!
*)*4H8*C%*46*4*'!3*!H=44*6!%*;!?!7*67*!*4!59;*##!$%!7%*8864=77*7!=!%=4;7(44*#'!
T9;*##H986>C!)=8!$##7=;!*4!%=66!(6=CC*8G*7Q!<?;*!=!5?#7!%*8;=!9)!67$7=67=6C!
6:8*;4=4)!=!8*6(#7$7*7'!I=4;G$67=)G*7*4!C$4!=CC*!>C*6!G*#7!7=#!C8=7=6C!G$67=)G*7!
H98;=!6%=4)4=4)*4*!7=#!59;*##*4!;$!%=#!<#=!H98!6798*'!3*8H98!5?!;$7$*4*!
*C678$:9#*8*6!9::!7=#!C8=7=6C!%=4;G$67=)G*7'!D>A$C7=)G*7*4!7=#!;*!$*89;A4$5=6C!
;*8=%*87*Q!6:*6=*#7!%*;!%=4;G$67=)G*7*8!695!7=#6%$8*8!C8=7=6C!%=4;G$67=)G*7Q!C$4!
;*8H98!%J8*!(7=#H8*;667=##*4;*'!
!
2!<*8*)4=4)*4!$%!;A4$5=6C!8*6:946!5?!;*7!(7H>8*6!=7*8$6B94*8!H98!?!<*67*55*!;*!
<*%*)*#6*6=4;(6*87*!#$67*4*!H8$!;*!$*89;A4$5=6C!;*8=%*87*'!3*7!*8!9)6?!5(#=)!?!
<*8*)4*!;A4$5=6C!8*6:946!(7*4!=7*8$6B94*8!%*;!?!>C*!5=;;*#%=4;G$67=)G*7*4!
6C8=77%=6!9)!<*4A77*!*)*4H8*C%*46*4*!+=!%=4;H*#7*70!H8$!H988=)*!G$67=)G*766C8=77'!
K)*4H8*C%*46*4*!;*H=4*8*6!;$!%*;!H8*C%*46*4!695!)=8!;*4!G>A*67*!%*8;=*4!=!
H8*C%*4618*6:9461H(4C6B94*4'!Z*6(#7$7*4*!:8*6*47*87!7=;#=)*8*!=!C$:=77*#*7!*8!
<*8*)4*7!5*;!*4!6#=C!6C8=77%=6!5*79;*'!E=#6%$8*4;*!<*8*)4=4)*8!5*;!=7*8$6B94*8!
%=6*8!$7!8*6:946H8*C%*46*4!%*;!C8=7=6C!%=4;G$67=)G*7!*8!#$%*8*'!3*77*!*8!%=67!H98!
<*8*)4=4)*8!$%!&$8;$4)*8<89$!=![=)(8!.1,b'!I*;!65?!6C8=77%=6*!>C4=4)*8!$%!
5=;;*#%=4;G$67=)G*7*4!<#=8!(7%=C#=4)*4!$%!*)*4H8*C%*46*4*!H98!;*!79!5*79;*4*!
67987!6*77!#=C!G%*8$4;8*'!3*4!%=C7=)67*!H986CB*##*4!%=6*6!%*;!5?7*4!%*87=C$#!
*)*46%=4)*H985!H$##*8!6$55*4!5*;!897$6B9461*)*46%=4)*H985*4'!I*;!
=7*8$6B9465*79;*4!4J85*8!*)*4H8*C%*46*4*!9)!*)*46%=4)*H985*4*!6*)!
G%*8$4;8*!)8$;%=6Q!5*46!H98!;*4!6C8=77%=6*!<*8*)4=4)65*79;*4!H$##*8!
*)*4H8*C%*46*4*!6$55*4!%*;!*4!)=77!5=;;*#%=4;G$67=)G*7'!3*4!:#(76*#=)*!
>C4=4)*4!7=#!%*87=C$#!*)*4H8*C%*46!C955*8!$%!C9<#=4)*4!5*##95!59;*4*!:?!!
!! 1/-1!
!
!4-5#%CO:=P%[-+,B#+AH+,1+,+1%+,$#4,-%H+$%QA+,$+%*4$$+8H4,$])124-]+2%R\%-#5,,%)H%
0+H+-+81+14,$51+#2+%A#+B2+#&%[-+,B#+AH+,1+,+%+#%0+#+-,+2%*+$%42+#)1E",+#%X1H)#2N%"-%
1A#422H41%*+2"$+%X#Q$N&%748]Q#+,$+%A#4241A%H4,$])124-]+2%+#%*)#A+#2%*+$%12E+#,+%XrN&%
)8(44!$%!;*!<*%*)*#6*6=4;(6*87*!#$67*4*'!Z97$6B94!$%!7%*8864=77*7!)=8!6798*!
%*87=C$#*!#$67*8!695!*4;8*8!;*4!%*87=C$#*!8*6:946*4!7=#!<89<$4*4'!I*;!
G$67=)G*7*4!695!)=8!6$55*4H$##*4;*!*)*4H8*C%*46*8Q!*8!79::*4!=!H8*C%*461
8*6:9461H(4C6B94*4!G>A*8*!%*;!H8*C%*46*4!H98!;*!C9<#*;*!#$67*4*!*44!%*;!
H8*C%*46*4!)=77!$%!*)*4H8*C%*46*4!7=#!%*87=C$#!*)*46%=4)*H985'!!
!
&%98;$4!<89$!9::H>8*8!6*)!=!H(##!6C$#$!=!*7!%=8C*#=)!%=4;H*#7!+%=8C*#=)G*7*40!9)!
G%=#C*4!8*6:946H8*C%*46!695!9::67?8!%*;!C8=7=6C!%=4;G$67=)G*7!*8!%$46C*#=)!?!
H98(76=!(7*4!59;*##H986>C!$%!G*#*!<89C94678(C6B94*4!H98!7=#6%$8*4;*!
%=4;G$67=)G*7*8!5*;!C9##$:6!$%!59;*##*4!695!8*6(#7$7'![98!?!(44)?!95H$77*4;*!
59;*##H986>C!*8!;*7!;*8H98!>46C*#=)!$7!*4!5$66*;*5:*8!*8!5*8!89<(67!597!
%$8=$6B94*8!=!8*6:946H8*C%*46*4'!3*7!5?!4*%4*6!$7!7*98=*4!<$C!<*8*)4=4)*4!$%!
;A4$5=6C!8*6:946!H98(76*77*8!#=4*J8*!C8*H7*8!9)!65?!H986CA%4=4)*8'!3*7!*8!6798!
)8(44!7=#!?!789!$7!;*!=CC*1#=4*J8*!C8*H7*4*!C$4!%J8*!<*7A;*#=)*!%*;!
5=;;*#%=4;G$67=)G*7*8!9::!597!C8=7=6C!%=4;G$67=)G*7'!3*77*!6C$:*8!*7!A77*8#=)*8*!
(6=CC*8G*76595*47!95C8=4)!%*8;=*4!7=#!8*6:946H8*C%*46*4!%*;!C8=7=6C!
%=4;G$67=)G*7'!
!
[98!?!>C*!5$66*;*5:*8*46!89<(67G*7!597!*4;8=4)!$%!8*6:946H8*C%*46*4!%*;!
C8=7=6C!%=4;G$67=)G*7!5?!5$66*;*5:*8*4!%J8*!%=8C695!9%*8!*7!67>88*!
H8*C%*46958?;*'!L95!4*%47!7=;#=)*8*!C$4!;*77*!)B>8*6!%*;!?!>C*!5$66*4!7=#!
10 20 30 40 50 60 70
0.8
1
1.2
1.4
1.6
1.8
2
2.2
Eg
en
fre
kv
en
se
r, 
ω
i(V
) [r
ad
/s]
Middelvindhastighet, V [m/s]
 
 
V
cr
= 73 m/s ved skrittvis metode
V
cr
= 74.3 m/s ved iterasjoner
µ = 0 (uten TMD)
ω
z
 skrittvis
ωθ skrittvis
ω
z
 iterasjoner
ωθ iterasjoner
!!1bS1!
5$66*;*5:*8*4Q!5*4!;*7!C$4!%J8*!%$46C*#=)!:?!)8(44!$%!HA6=6C*!9)!
C94678(C7=%*!<*)8*464=4)*8'!R\94!9)!V$8C!+MSSN0!%=6*8!=!6=77!$8<*=;*!$7!H#*8*!
5=4;8*!5$66*;*5:*8*!*8!H98;*#$C7=)!=!H98G9#;!7=#!*4!6798!5$66*;*5:*8'!3*!(#=C*!
5$66*;*5:*84*!C$4!9:7=5$#=6*8*6!7=#!(#=C*!8*6:946H8*C%*46*8!9)!6#=C!;*CC*!*7!
5A*!<8*;*8*!H8*C%*46958?;*'!Z*6(#7$7*4*!H8$!R\94!9)!V$8C!+MSSN0!%=6*8!$7!H#*8*!
5$66*;*5:*8*!5*;!(#=C*!*)*4H8*C%*46*8!)=8!*4!6798!!
>C4=4)!$%!C8=7=6C!%=4;G$67=)G*7!=!H98G9#;!7=#!*4!*4C*#!5$66*;*5:*8Q!6*#%!%*;!
=44H>8=4)!$%!(6=CC*8G*7!:?!;*!$*89;A4$5=6C!;*8=%*87*!:?!|,.u'!
!
3*7!*8!9)6?!$4;8*!H98;*#*8!5*;!H#*8*!5=4;8*!5$66*;*5:*8*!=!H98G9#;!7=#!*4!6798!
5$66*;*5:*8'!@*)8*464=4)*4*Q!5*;!G*46A4!7=#!:#$66!=44*!=!<897%*8864=77*7Q!<#=8!
5=4;8*!H98;=!5$66*;*5:*84*!C$4!H98;*#*6!9%*8!*4!#*4)8*!;*#!$%!<89<$4*4!=!
H986CB*##=)*!7%*8864=7766*C6B94*8!+6C9770'!R94678(C7=%*!(7H98;8=4)*8!695!
9::#$)8=4)!$%!5$66*;*5:*8*!9)!C$:$6=7*7!H98!:(4C7#$67*8!<#=8!9)6?!*4C#*8*'!
3*77*!)B>8!$7!;*4!797$#*!5$66*4!7=#!H#*8*!5=4;8*!5$66*;*5:*8*!C$4!7=##$7*6!?!%J8*!
67>88*!*44!5$66*4!7=#!*4!6798!5$66*;*5:*8'!
!
!
! !
!! 1b,1!
!
6 Konklusjon og videre arbeid 
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8 Vedlegg 
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Vedlegg A: Hovedskript Matlab 
A‐1 
 
%% Hovedskript: Dynamisk respons___________________________________________ 
% Beregnier dynamisk respons for valgte vindhastigheter. Tar hensyn til 
% turbulens og bevegelsesinduserte krefter. 
  
% Følgene matlabfunksjoner benyttes: 
% phi_funk.m, AD_funk.m, jaf_funk.m 
  
% Følgende datafiler benyttes: 
% BasisDat.txt, VindDat.txt, PpAD.txt (aerodynamisk deriverte), 
% AA.txt (egensvingeformer) 
  
clf 
clear all 
close all 
  
% Navn til outputfiler 
Prefix=['Run4'];                % Navn på datafil 
Beskrivelse=['Hardangerbroa'];  % Evt beskrivelse av datafil 
  
% Velg ADer­, iterasjons­ og lagringsvalg  
ADflag=2;     % 0: AD=0     1: Quasi Static  2: From file PpAD.txt 
ittflag=0;    % 0: ingen itterasjoner      1: Itterasjoener etter maxitt 
lagreFlag=0;  % 0: Lagrer ikke H­matrise   1: Lagrer H­matrise til egen fil 
                                           %  NB: Mye minne nødvendig 
  
% Velg egenfrekvens og masse for TMD, for parameterstudie 
omegaDVektor=[1.4 1.2 1.15 1.1 1.05 1.0 0.95 0.9 0.85]; 
myVektor=[ 0 1 5 10 15 20 ]*10^­3;    %Masse i forhold til modalmasse, 
MT_mod 
  
%% Sette parametre og tverrsnittsdata___________________________________ 
  
% Bestem lengden til variable: 
Nx=101;            %x­variabel til brubane. Må være oddetall 
Nomega=2000;       %omegavariabel for frekvensanalyse 
  
% Andre innputdata: 
Vmax=80; Nv=8;               %Middelvindhastighet 
errlim=10^­4; maxitt=6;      %Stoppkriterium for iterasjoner 
  
  
% Leser data fra fil 
load ­ascii BasisDat.txt 
B=BasisDat(1,1);  
L=BasisDat(1,2); rho=BasisDat(1,3); 
%Vmin=BasisDat(2,1); Vmax=BasisDat(2,2); Nv=BasisDat(2,3); 
mZ=BasisDat(3,1); omegaZ=BasisDat(3,2); zetaZ=BasisDat(3,3); 
mT=BasisDat(4,1); omegaT=BasisDat(4,2); zetaT=BasisDat(4,3); 
clear BasisDat 
  
% Leser vinddata fra fil 
load ­ascii VindDat.txt 
Cl=VindDat(1,1); Cm=VindDat(1,2); 
xLw=VindDat(2,1); Aw=VindDat(2,2); Cw=VindDat(3,1); Iw=VindDat(3,2); 
clear VindDat 
  
 
 
 
A‐2 
 
% Middelvind vektorer 
Vplot=10:10:Vmax;    %For plot av H­matrise 
  
%Alt1: 
% Vm=0:Vmax/Nv:Vmax; 
%Alt2: 
Vm1=0:10:40; 
Vm2=45:5:60; 
Vm3=61:1:65; 
Vm4=65.2:0.2:72.8; 
Vm5=73:0.1:75; 
Vm=[Vm1 Vm2 Vm3 Vm4 Vm5]; 
Nv=length(Vm)­1; 
  
%% Konstruksjonsegenskaper___________________________________________ 
x_redD=0.5;                     %Plassering av massedemper 
[phiZ, phiT,x_red]=phi_funk(1,2,Nx); 
iD=find(x_red == x_redD); 
phiXd=phiT(iD); 
figure(4) 
plot(x_red,phiZ, x_red,phiT, x_redD,phiXd,'*') 
legend('\phi_z(x/L)','\phi_\theta(x/L)','TMD','Location','SouthEast') 
  
% Valgt posisjon for responsberegning 
x_redP=0.5; 
iP=find(x_red == x_redP); 
  
% Modal Stivhetsmatrise for materiale og modal masse 
phiZ_Sq=phiZ.^2; 
phiT_Sq=phiT.^2; 
phiZT=phiZ.*phiT; 
IntPhiZ_Sq=L*trapz(x_red, phiZ_Sq); 
IntPhiT_Sq=L*trapz(x_red, phiT_Sq); 
IntPhiZT=L*trapz(x_red, phiZT); 
IntPhi=[IntPhiZ_Sq IntPhiZT IntPhiT_Sq]; 
MZ_mod=mZ*IntPhiZ_Sq; 
KZ_mod=omegaZ^2*MZ_mod; 
MT_mod=mT*IntPhiT_Sq; 
KT_mod=omegaT^2*MT_mod; 
  
NomegaD=length(omegaDVektor); 
Nmy=length(myVektor); 
  
%Pre allocering 
Std_my=zeros(3,Nv+1,Nmy);  
H_V_my=zeros(3,3,Nomega,Nv+1,Nmy); 
omega_V_my=zeros(2,Nv+1,Nmy); 
Cov_my=zeros(3,3,Nv+1,Nmy); 
  
Std_my_w=zeros(3,Nv+1,Nmy,NomegaD); 
H_V_my_w=zeros(3,3,Nomega,Nv+1,Nmy,NomegaD); 
omega_V_my_w=zeros(2,Nv+1,Nmy,NomegaD); 
Cov_my_w=zeros(3,3,Nv+1,Nmy,NomegaD); 
 
 
 
 
 
 
Vedlegg A: Hovedskript Matlab 
A‐3 
 
%% 
Beregningsløkker_________________________________________________________ 
 
i_w=0; 
for omegaD=omegaDVektor %Løkke for parametervariasjon omega_d 
i_w=i_w+1; 
disp(['omegaD nr ' num2str(i_w) ' av ' num2str(NomegaD)]) 
  
i_my=0; 
for my=myVektor %Løkke for parametervariasjon my 
i_my=i_my+1; 
  
% TMD egenskaper 
zetaD=sqrt(3*my/(8*(1+my)^3));  %Fra Den Hartog 
  
MD=my*mT*IntPhiT_Sq; 
KD=omegaD^2*MD; 
  
M_MOD=diag([MZ_mod MT_mod MD]); %Modal massematrise 
K_MOD=diag([KZ_mod KT_mod KD]); %Modal stivhetsmatrise 
ZETA=diag([zetaZ zetaT zetaD]);  
  
MY=[0 0 0; 0 my*phiXd^2 my*phiXd; 0 phiXd 0];  
PHIrelXP=[phiZ(iP) 0 0 ; 0 phiT(iP) 0 ; 0 0 1]; 
  
Nmod=length(M_MOD); 
  
  
%% Pre­allocering_________________________________________________________ 
  
Sr=zeros(Nmod,Nmod,Nomega); 
Sw=zeros(Nv+1,Nomega); 
Cov=zeros(Nmod,Nmod,Nv+1); 
Std=zeros(Nmod,Nv+1); 
sigmxtr=zeros(1,Nv+1); 
Jafzzxtr=zeros(Nv+1,Nomega); 
ZETAae_V=zeros(Nmod,Nmod,Nv+1); 
KAPPAae_V=zeros(Nmod,Nmod,Nv+1); 
Srz_V=zeros(Nomega,Nv+1); 
H_V=zeros(Nmod,Nmod,Nomega,Nv+1); 
omegaOppd=zeros(1,Nmod); 
 
  
%% Frekvens­Respons­matrise, H____________________________________________ 
  
omega=linspace(0.0001,7,Nomega);  
  
% Dimensjonsløs frekvensvariabel 
omegaDim=zeros(Nmod,Nmod,Nomega); 
omegaDim(1,1,:)=omega/omegaZ; 
omegaDim(2,2,:)=omega/omegaT;  
omegaDim(3,3,:)=omega/omegaD; 
  
 
%Startverdier for Kae og Cae 
omegaZv=zeros(1,Nv+1); omegaTv=omegaZv;  
omegaZv(1)=omegaZ;     omegaTv(1)=omegaT; 
omegaZitt=omegaZ; omegaTitt=omegaT; omegaZ0=omegaZ; omegaT0=omegaT;     
A‐4 
 
  
tel=0; 
tel10=1; 
 
for V=Vm %Løkke for middelvindhastighet 
 
    tic 
    if V==0     % Kan ikke beregne respons når V=0 
        V=10^­3; 
    end 
    tel=tel+1; 
    itt=0; Itt=0; 
    err=1;  
     
 
    % Itterasjoner for å bestemme Kae og Cae 
    if ittflag==1 
        while err>errlim && itt<maxitt 
            [Kae_MOD 
Cae_MOD]=AD_funk(omegaZitt,omegaTitt,V,B,rho,IntPhi,ADflag); 
            Ktot=K_MOD(1:2,1:2)­Kae_MOD; 
            omegav=eig(Ktot,M_MOD(1:2,1:2)); 
            omegaZitt=sqrt(min(omegav)); 
            omegaTitt=sqrt(max(omegav)); 
            err=(abs(omegaTitt­omegaT0))/omegaTitt; 
            omegaT0=omegaTitt; 
            itt=itt+1; 
        end 
        omegaZv(tel)=omegaZitt; 
        omegaTv(tel)=omegaTitt; 
    end 
    [Kae_MOD Cae_MOD]=AD_funk(omegaZitt,omegaTitt,V,B,rho,IntPhi,ADflag); 
  
 
% ZETAae og KAPPAae 
    ZETAae=0.5*diag([omegaZ omegaT])*(K_MOD(1:2,1:2)\Cae_MOD); 
    KAPPAae=K_MOD(1:2,1:2)\Kae_MOD; 
    ZETAae(3,3)=0; %* 
    KAPPAae(3,3)=0; %* 
     
 
% Setter opp Frekvens­respons­funksjon 
    H=zeros(Nmod,Nmod,Nomega); detH=zeros(1,Nomega); 
    for n=1:Nomega 
        omegaDim_n=squeeze(omegaDim(:,:,n)); 
        E=eye(Nmod) ... 
            ­ KAPPAae ­ omegaDim_n^2*(eye(Nmod)+MY) ... 
            + 2*1i*omegaDim_n*(ZETA­ZETAae); 
        H(:,:,n)=inv(E); 
        detH(n)=abs(det(H(:,:,n))); 
    end 
 
 
 
 
 
 
 
 
 
Vedlegg A: Hovedskript Matlab 
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%% Vindlastspektrum og Joint acceptance function__________________________ 
% Pre allocering 
    SSR=zeros(Nmod,Nmod,Nomega);  
  
% Vind­auto­spektrum     
    sigmaw=Iw*V;  
    Sw(tel,:)=sigmaw^2*(Aw*xLw/V)./(1+1.5*Aw*omega*xLw/V).^(5/3); 
%Aw=Aw'/2pi 
    
% Joint acceptance function 
    J2zz_red=jaf_funk(phiZ,phiZ,x_red,omega,V,Cw,L); 
    SSR(1,1,:)=(rho*B*V*Cl/(2*mZ*omegaZ^2))^2 * Sw(tel,:).*J2zz_red; 
     
    J2zt_red=jaf_funk(phiZ,phiT,x_red,omega,V,Cw,L); 
    SSR(1,2,:)=(rho*B*V/2)^2*Cl*B*Cm/(mZ*omegaZ^2*mT*omegaT^2) * 
Sw(tel,:).*J2zt_red; 
    SSR(2,1,:)=SSR(1,2,:); 
     
    J2tt_red=jaf_funk(phiT,phiT,x_red,omega,V,Cw,L); 
    SSR(2,2,:)=(rho*B*V*B*Cm/(2*mT*omegaT^2))^2 * Sw(tel,:).*J2tt_red; 
     
     
%% Responsspektrum og varians for respons_________________________________ 
    for n=1:Nomega 
        
Sr(:,:,n)=PHIrelXP*abs(conj(H(:,:,n))*SSR(:,:,n)*H(:,:,n).')*PHIrelXP.'; 
    end 
     
% Beregne variansen/Integrere over frekvensvariablen  
    Cov(:,:,tel)=trapz(omega,Sr,3); 
    Std(:,tel)=sqrt(diag(Cov(:,:,tel))); 
  
 
%% Oppdatere resonansfrekvens ved skrittvis beregning av Kae og Cae_______ 
    if ittflag==0 
        for m=1:Nmod 
            vecHm=squeeze(H(m,m,:)).'; 
            [~, nMax]=max(omega.*abs(vecHm)); 
            omegaOppd(m)=omega(nMax); 
        end 
        omegaZitt=omegaOppd(1); 
        omegaTitt=omegaOppd(2); 
        omegaZv(tel+1)=omegaZitt; 
        omegaTv(tel+1)=omegaTitt; 
    end 
  
%% Lagring av ekstra resultat for plot 
    sigmxtr(tel)=sigmaw; 
    Jafzzxtr(tel,:)=J2zz_red; 
    ZETAae_V(:,:,tel)=ZETAae; 
    KAPPAae_V(:,:,tel)=KAPPAae; 
    Srz_V(:,tel)=squeeze(Sr(1,1,:)); 
    if lagreFlag==1 
    H_V(:,:,:,tel)=H; 
    end 
    disp(['V=' num2str(V) ',Itt=' num2str(itt) ]) 
 
    toc 
end % Middalvindhastighetsløkke 
A‐6 
 
%% Lagring av resultat med varierende my 
Std_my(:,:,i_my)=Std; 
if lagreFlag==1 
H_V_my(:,:,:,:,i_my)=H_V; 
end 
omega_V_my(1,:,i_my)=omegaZv(1:Nv+1); 
omega_V_my(2,:,i_my)=omegaTv(1:Nv+1); 
Cov_my(:,:,:,i_my)=Cov; 
  
  
end % my­variasjonsløkke 
  
%% Lagring av resultat med varierende omegaD (w) 
Std_my_w(:,:,:,i_w)=Std_my; 
if lagreFlag==1 
H_V_my_w(:,:,:,:,:,i_w)=H_V_my; 
end 
omega_V_my_w(:,:,:,i_w)=omega_V_my; 
Cov_my_w(:,:,:,:,i_w)=Cov_my; 
  
end % omegaD­variasjonsløkke 
  
  
%% Sammenligning av respons med massedemper (midlertidig plot)_____________ 
StdZ=reshape(Std_my(1,:,:),Nv+1,Nmy); 
StdT=reshape(Std_my(2,:,:),Nv+1,Nmy); 
  
figure(8) 
farge=['b'; 'r'; 'g'; 'b']; 
hold on 
tekst=cell(size(Std_my,3),1); 
for i=1:size(Std_my,3) 
plot(Vm,StdT(:,i))%,farge(i)) 
tekst{i}=['\mu =', num2str(myVektor(i))]; 
end 
hold off 
legend(tekst,'Location','NorthWest') 
xlabel('Middelvindhastighet, V [m/s]'); ylabel('Respons, \sigma _{\theta} 
[rad]') 
str1=['\omega_D=',num2str(omegaD)]; 
text(2,0.15,str1) 
grid on 
  
figure(9) 
farge=['b'; 'r'; 'g'; 'b']; 
hold on 
tekst=cell(size(Std_my,3),1); 
for i=1:size(Std_my,3) 
plot(Vm,StdZ(:,i))%,farge(i)) 
tekst{i}=['\mu =', num2str(myVektor(i))]; 
end 
hold off 
legend(tekst,'Location','NorthWest') 
xlabel('Middelvindhastighet, V [m/s]'); ylabel('Respons, \sigma _{z} [m]') 
str1=['\omega_D=',num2str(omegaD)]; 
text(2,0.15,str1) 
grid on 
  
 
 
Vedlegg A: Hovedskript Matlab 
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%% Lagre resultatdata til fil____________________________________________ 
 
if lagreFlag==1 
filename2=['Resultater\', Prefix, '_ResultData_', Beskrivelse 'H.mat']; 
save(filename2,'H_V_my_w') 
end 
  
clear        Std_my       H_V_my       omega_V_my   Cov_my  ... 
J2tt_red     SSR          iD           H_V_my_w                     ...               
AX           J2zt_red     Sr           iP                   ...                    
J2zz_red     Srz_V        i_my         phiT_Sq              ...      
             Std          itt          phiXd                ...        
             KAPPAae      StdT         m                    ...      
Cae_MOD                   StdZ                      phiZT   ...     
             KD                                     phiZ_Sq ...   
             KT_mod       Sw           maxitt       rho     ...   
Cov          KZ_mod       V            my           sigmaw  ...     
             Kae_MOD      Vm1          n            str1    ...   
E                         Vm2          nMax         tekst   ...   
H            MD           Vm3          Vm4          tel     ...   
H1           MT_mod       Vmax                      tel10   ...   
H11          MY           Vplot        omegaDim     vecHm   ...   
H2           MZ_mod       ZETA         omegaDim_n   xLw     ...   
H22                       ZETAae       omegaOppd            ...   
H_V          Max                                    x_redD  ...   
i_w                       detH         omegaT0      x_redP  ...   
i                         err          omegaTitt            ... 
IntPhiT_Sq                errlim       omegaTv              ... 
IntPhiZT                  farge                             ... 
IntPhiZ_Sq                             omegaZ0              ... 
Itt                       ftitle       omegaZitt    omegaZv 
  
filename=['Resultater\', Prefix, '_ResultData_', Beskrivelse '.mat']; 
save(filename) 
  
 
 
 
 
Vedlegg B: Matlabfunksjon AD_funk.m 
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function  
[Kae_M, Cae_M, ADene, Vr_z, Vr_th]=AD_funk(omegaZ,omegaT,V,B,rho,IntPhi,flag) 
  
% Syntax: 
% [Kae_M, Cae_M, ADene, Vr_z, 
Vr_th]=AD_funk(omegaZ,omegaT,V,B,rho,IntPhi,flag) 
% 
% flag=0,1,2    1:Quasi Static 2:Fra fil PpAD.txt 
% 
% OUTPUT 
% Modale matriser, Kae_M og Cae_M, er beregnet etter (Master:2.25)  
% der dim.løse AD­matriser er gitt på følgene form: 
% Kae_s= [  H4   B*H3;  
%         B*A4 B^2*A3] 
% Cae_s= [  H1   B*H2; 
%         B*A1 B^2*A2] 
% Videre beregnes Kae_M= rho*B^2/2*W^2* Kae_s 
% og              Cae_M= rho*B^2/2*W* Cae_s 
% ADene, Vr_z, Vr_th er til kontrollplot 
% 
% INPUT: 
% omegaZ og omegaT er funksjoner av V. 
% IntPhi er en vektor som inneholder intgralene av PhiZ^2, PhiZ*PhiT og 
% PhiT^2 
  
Vr_z=V/omegaZ/B; 
Vr_th=V/omegaT/B; 
W=[omegaZ 0; 0 omegaT]; 
  
if flag==2 
    load ­ascii PpAD.txt 
    ppH1=PpAD(1,:); ppH2=PpAD(2,:); ppH3=PpAD(3,:); ppH4=PpAD(4,:); 
ppH5=PpAD(5,:); ppH6=PpAD(6,:); 
    ppA1=PpAD(7,:); ppA2=PpAD(8,:); ppA3=PpAD(9,:); ppA4=PpAD(10,:); 
ppA5=PpAD(11,:); ppA6=PpAD(12,:); 
    clear PpAD 
    H1=0; H2=0; H3=0; H4=0; H5=0; H6=0; 
    A1=0; A2=0; A3=0; A4=0; A5=0; A6=0; 
    for n=1:4, 
        aH1=ppH1(n); H1=H1+aH1*Vr_z.^(4­n); 
        aH2=ppH2(n); H2=H2+aH2*Vr_z.^(4­n); 
        aH3=ppH3(n); H3=H3+aH3*Vr_z.^(4­n); 
        aH4=ppH4(n); H4=H4+aH4*Vr_z.^(4­n); 
        aH5=ppH5(n); H5=H5+aH5*Vr_z.^(4­n); 
        aH6=ppH6(n); H6=H6+aH6*Vr_z.^(4­n); 
        aA1=ppA1(n); A1=A1+aA1*Vr_th.^(4­n); 
        aA2=ppA2(n); A2=A2+aA2*Vr_th.^(4­n); 
        aA3=ppA3(n); A3=A3+aA3*Vr_th.^(4­n); 
        aA4=ppA4(n); A4=A4+aA4*Vr_th.^(4­n); 
        aA5=ppA5(n); A5=A5+aA5*Vr_th.^(4­n); 
        aA6=ppA6(n); A6=A6+aA6*Vr_th.^(4­n); 
    end 
  
    Kae_M = rho*B^2/2*W^2*[IntPhi(1)*H4     IntPhi(2)*B*H3;  
                           IntPhi(2)*B*A4   IntPhi(3)*B^2*A3]; 
    Cae_M = rho*B^2/2*W*[IntPhi(1)*H1   IntPhi(2)*B*H2; 
                         IntPhi(2)*B*A1 IntPhi(3)*B^2*A2]; 
                      
 
 
B‐2 
 
elseif flag==1 
    Cl=5; Cm=1.5; 
  
    H1=­Cl*Vr_z; 
    H2=0; 
    H3=Cl*Vr_z^2; 
    H4=0; 
    H5=0; 
    H6=0; 
    A1=­Cm*Vr_th; 
    A2=­Cm*0.2*Vr_th^2; 
    A3=Cm*Vr_th^2; 
    A4=0; 
    A5=0; 
    A6=0; 
  
    Kae_M = rho*B^2/2*W.^2*[IntPhi(1)*H4     IntPhi(2)*B*H3;  
                           IntPhi(2)*B*A4   IntPhi(3)*B^2*A3]; 
    Cae_M = rho*B^2/2*W*[IntPhi(1)*H1   IntPhi(2)*B*H2; 
                         IntPhi(2)*B*A1 IntPhi(3)*B^2*A2]; 
     
else 
    H1=0; 
    H2=0; 
    H3=0; 
    H4=0; 
    H5=0; 
    H6=0; 
    A1=0; 
    A2=0; 
    A3=0; 
    A4=0; 
    A5=0; 
    A6=0; 
  
    Kae_M = zeros(2); 
    Cae_M = zeros(2); 
end 
  
    ADene=[H1 H2 H3 H4 H5 H6 A1 A2 A3 A4 A5 A6]'; 
 
Vedlegg C: Matlabfunksjon jaf_funk.m 
C‐1 
 
function [Jaf_red,Jaf]=jaf_funk(phi_i,phi_j,x_red,omega,V,c,L) 
  
%Beregner redusert Joint­accepance­function, J^2(omega) 
%Jaf_red må multipliseres med (Lexp/L)^2 hvis Lexp og L er forskjellig. 
% 
%[Jaf_red,IntJ]=jaf_funk(phi_i,phi_j,x_red,omega,V,c,L) 
% 
%Input: 
%phi_i/j er svingeformene (z eller theta) med redusert x­variabel, [1xNx] 
%x_red er redusert x­variabel, konstant avstand dx. [1xNx] 
%omega er frekvensvariabelen. [1xNw] 
%V er middelvindhastighet 
%c er koefisient i redusert Co­spektrum. Merk c=C/2pi 
%L er vindeksponert lengde 
% 
%OutPut: 
%Jaf_red er J^2ij redusert med IntPhiSq 
  
  
Nx=length(x_red); 
Nw=length(omega); 
  
%integralet av kvadratet av svingeformene 
phi_iSq=phi_i.^2; 
phi_jSq=phi_j.^2; 
IntPhi_iSq=trapz(x_red, phi_iSq); 
IntPhi_jSq=trapz(x_red, phi_jSq); 
  
%integralet av joint­acceptance­function 
IntJ=zeros(1,Nw); 
%tic 
for n=1:Nw 
    w=omega(n); 
    beta=c*w*L/V; 
    IntJn=0; 
    for i=1:Nx 
        xi=x_red(i); 
        phi_ixi=phi_i(i); 
        for j=1:Nx 
            dx=abs(x_red(j)­xi); 
            temp=phi_ixi*phi_j(j)*exp(­beta*dx); 
            IntJn=IntJn+temp; 
        end 
    end 
    IntJ(n)=IntJn; 
end 
%toc 
Jaf=IntJ/Nx^2; 
  
Jaf_red=Jaf/(IntPhi_iSq*IntPhi_jSq); 
  
  
 
 
 
 
Vedlegg D: Matlabfunksjon phi_funk.m 
D‐1 
 
function [Phi_i, Phi_j,x_red]=phi_funk(i,j,Nx) 
  
% Svingeformer basert på fourierkoefisienter 
x_red=linspace(0,1,Nx)'; 
  
load ­ascii AA.txt 
aa_i=AA(i,:); aa_j=AA(j,:); K=length(aa_i); 
clear AA 
  
Phi_i=zeros(Nx,1); Phi_j=zeros(Nx,1); 
for k=1:K, 
    Phi_i=Phi_i+aa_i(k)*sin(k*pi*x_red); 
    Phi_j=Phi_j+aa_j(k)*sin(k*pi*x_red); 
end 
  
  
  
 
 
